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GLOBAL INFINITE ENERGY SOLUTIONS FOR THE 2D GRAVITY WATER WAVES 

SYSTEM 

XUECHENG WANG 


Abstract 

We prove global existence and modified scattering property for the solutions of the 2 D gravity water waves 
system in the infinite depth setting for a class of initial data, which is only required to be small above the level 
if 1 / 5 x H l / r ‘ +i /' 2 . No assumption is assumed below this level, therefore, it allows to have infinite energy. As a 
direct consequence, the momentum condition assumed on the physical velocity in all previous small energy results 
by Ionescu-Pusateri l2Tt . Alazard-Delortj3) and Ifrim-Tataru |fT8l is removed. 


1. Introduction 

1.1. The gravity water waves system. We consider an incompressible irrotational inviscid fluid with 
density one occupying a time dependent domain 0(f) with the free interface T(f) and without a bottom. 
Above r(f), it is vacuum. Assume that the interface T(f) of the domain O f is given as T(f) = 90(f) = 
{( x , h(t, x )) : x G M}, then 0(f) = {(x, y) : y < fi(f, x), x £ K}. 

Let v and p denote the velocity and the pressure of the fluid respectively. As the evolution of the 
fluid is described by the Euler equations with free boundary, then v and p satisfy the following system of 
equations, 

' d t v{t, X ) + v(t, X) • Vv(f, X) = - Vp(f, X) - g{ 0, 1) X € 0(f) 

V-v(t,X) =0, V x v(t,X) =0 X 6 0(f) 

dt + v ■ V is tangent to U* T(f), p(t, x) = 0, x € T(f) 1 

^ v(0,X)=v o (X) X 6 0(0), 

where g is the gravitational constant, which is assumed to be 1 throughout this paper, and vq(X ) is the 
initial physical velocity field. 

As the fluid is invitational, we assume that the velocity field is given by the gradient of a potential 
function 4>. Let U>(f, x) := x. h(t, x)) be the restriction of potential rp to the boundary T(f). From 
the incompressible condition, we have the following harmonic equation with a Dirichlet type boundary 
condition at the interface T(f), 

v(t,X) = V<i>(t,X), A<l>(t,X)=0,Xen{t), </>(t,X)\ m =4(t ,x). (1.2) 

Therefore, it is sufficient to study the evolution of system at the interface T(f), i.e., the evolution of the 
height h(t, x) and the velocity potential ip(t, x) on the interface. 

Following Zakharov l!37l and Craig-Sulem-Sulem iTTl . we can derive the system of equations satisfied 
by (h, i)) : M( x A R as follows, 


d t h = G(h)4> 

dt'i/j = -h - l\d x ip\ 2 + 


(G(h)ijj + d x hd x ip) 2 
2(1 + \d x h\ 2 ) ’ 


(1.3) 


l 
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where G(h)i/j = \/l + \d x h\ 2 Af {h) r ib and N(h)ib is the Dirichlct-Ncumann operator associated with 
the domain Q(t). The system (11.31) is generally refer red as gravity water waves system, and it has the 
following conserved Hamiltonian, 

: = + \\h\ 2 dx^ \[\\h\\l 2 + mh\U (!- 4 ) 

1.2. Previous results. There is an extensive literature on the water waves problems. Without frying to 
be exhaustive, we only list some representative references on the Cauchy problem here. For blow up 
behavior and splash singularity, please refer to f7| and references therein for more details. 

We mention that the motion of the boundary is subject to the Taylor instability when the surface 
tension effect is neglected. As proved by Wu j33ll34ll . she showed that as long as the interface is nonself- 
intersecting, the Taylor sign condition —dp/d n > Co > 0 always holds for the n-dimensional infinite 
depth gravity water wave equations, where n > 2 (n = 2, 3 for physical relevance). Hence the Taylor 
instability is not a issue here. 

On the local theory side of the water waves system, we have the work of Nalimov ll27l and the 
work of Yosihara f3T1 for the small initial data, the works of Wu I33i |34i l for the general initial data 
in Sobolev spaces and subsequent works by Christodoulou-Lindbladl8]|. Lannes 1251 . Lindblad l26l . 
Coutand-Shkoller Shatah-Zeng fl28ll and Alazard-Burq-Zuilyj4]]. Local wellposedness also holds 
when the surface tension effect is considered, see the work of Bever-Gunther l6l. A m b rose- M as mo ud i 10, 
Coutand-Shkoller|[9l, Shatah-Zeng j28l and Alazard-Burq-Zuilvf2l. 

On the long time behavior side, starting with the breakthrough work of Wu lf35ll . where she proved 
almost global existence for the 2D gravity water waves system for small initial data, then Germain- 
Masmoudi-Shatah lfl4l and Wu l36l proved global existence of gravity water waves in three dimensions. 
When the surface tension effect is considered while the gravity effect is neglected (also called capillary 
waves), Germain-Masmoudi-Shatah lfT51 proved the global existence of capillary waves in 3D. 

Due to the slower decay rate in 2D, it is considerably more difficult to prove global existence than the 
3D case. Until very recently, we have several results. Global existence of the 2D gravity water waves for 
small initial data has been first proved by Ionescu-Pusateri in ||2D and similar result was proved indepen¬ 
dently by Alazard-Delort Q in Eulerian coordinates formulation. More recently, Hunter-Ifrim-Tataru 
lfl6l used a holomorphic coordinate formulation to give a different proof of almost global existence re¬ 
sult, then later Ifrim-Tataru lfl8l extended it to global existence in holomorphic coordinates formulation. 
Ionescu-Pusateri l(24l proved the global existence of 2D capillary waves for small initial data without 
momentum condition on the associated profile in the Eulerian coordinates formulation. Ifrim-Tataru fl9l 
proved the global existence of the same system for small initial data with momentum condition on the 
associated profile in the Holomorphic coordinates formulation. 

1.3. Momentum condition. We mentioned that the initial data arc all assumed to be small at the level 
of L 2 x H 1 / 2 in all previous results (3] EH i 18]. That is to say, 11V ^ 2, <b\\ l 2 is not only finite but also 
small. Intuitively speaking, the following holds for the physical velocity, 

IIMMH 2 = |||V|“5u||| 2 = f T ^r|n(£)| 2 C&; < 00. (1.5) 

Jr |?l 

Hence, the finiteness of || | V \h\\h implies that the physical velocity is neutral (i.e., n(0) = f v(x)dx = 
0) and it behaves very nicely at the very low frequency part. However, this assumption is not generally 
true, even for a Schwartz function. 
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So a natural question is what if the physical velocity is not neutral. Do we still have global solution 
for the gravity water waves system (1 1.31) ? The main goal of this paper is to show that we do have global 
solution, infinite energy global solution. The L 2 norm of | V [ a -0 is not necessary to be finite, hence the 
physical velocity at the interface is not necessary to be neutral. 

1.4. The main result. Before stating our main theorem, we define the main function spaces that will be 
used constantly. Let k + denotes rnaxjfc. 0} and k- denotes min{0, k} throughout this paper. We define 
function spaces as follows, 


1/ \\h n ’P — 

[D 2 “ 

+ 2 pk f\\P k f\\ 2 L2 

]'« 11(19.1’’ + 

\d x \ N )f\\ L 2, 

0 < p < N, 

( 1 . 6 ) 


fcez 







/ lUri : = 

: ^ (2 7fe4 

+ 2 bk -)\\P k f\\ L 

°°> 11/ IVr : = 

: Y(2 N * k + 

mPkfhoo, 

(1.7) 


fcez 



kez 





WfWwr 

'■= ||p<o/I|l~ + 

E 27fc ii p ^n^ 

, 00 , 

7 > 0, 


(1.8) 




fc>0 





II 

0 

: M —>• C is continuous and 

lim |/(x)| = 

kc —>00 

0}, 

ll/llco 

■= \\f 

(1.9) 


Note that the function space Co is needed as the norm H N,p doesn’t define natural spaces of distribution 
whenp > 1 / 2 . 

Our main result is as follows, 

Theorem 1.1. Let Nq = 8, N\ = 1, N 2 = 61/20, p = 1/5, and po € (0,10~ 10 ]. Assume that 
(/fib V’o) € H No+1 / 2,p X (H n o+ 1 / 2 ’ 1 / 2 +p nC 0 ) satisfies the following smallness condition, 

ll^o||#iVo+i/ 2 ,p + ||r/o||#Jv 0 +i/ 2 ,i/ 2 + P + \\xd x ho\\ H N 1 +i/2, P + \\xd x 'fio\\ H N 1 +i/2,i/2+p < eo, (1-10) 

where eo C a sufficiently small constant, then there exists a unique global solution (h, ip) of the system 
(O) with initial data (ho - Co). Moreover, the following estimates hold, 

sup (1+f) P0 [||fi||#iVo-!> + IIV ; ll_H JV 0. 1 /2+P + + ||<S'V’||#iV 1 ,l/2+p] < 60 , (1-11) 

t£[ 0 ,oo) 

sup (l + t) 1 / 2 \\(h,\V\^tp)\\ W N 2 <e 0 , (1.12) 

re[ 0 ,oo) 

where S := tdt + 2.re),, is the scaling vector field associated with the system (11.31) . Furthermore, the 
solution possesses the modified scattering property as t +00. 

Remark 1.2. Note that p = 1/5 in above theorem is not optimal, we can improve it after being more 
careful about the argument used here. However, given the methods used here, p should strictly less than 
1/4. 

Remark 1.3. The property of modified scattering in the infinite energy setting is same as the small energy 
setting in fl2Tl 1221 . We first describe the modified scattering property and then give a comment. Define 

/(f) := hft) + i|V| 1 // 2 , i/(f) and 



G(t,0 : 


7T 


(1.13) 
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then there exist oj^ and p\ < po such that 


sup (l+t) Pl 

tS[0,oo) 


l?| 1/4 (l + |- e-^l 172 ^)) 



(1.14) 


We can see that, after rotating the profile with the angle of G(t ,£), it approaches to a linear 

solution. We can also write this modified scattering behavior in the physical space (t, x). Following the 
argument in ll 22 l . one can show that there exists a uniformly bounded function /oo such that 




-it\t/4\x\\ 

f /oo(-)exp 

V 1 +1*1 1 


i\foc(x/t)\ 2 

64|x/f| 5 


log(l + \t\) 


<e 0 (i + itir 1/2 - pi/2 . 


(1.15) 


Note that the same formula has also been derived by Alazard-Delort(3l and Ifrim-Tataru fTSl . 

We comment that the modified scattering property is only a byproduct of the L°° decay estimate. Note 
that the modified scattering happens because of the space-time resonance set, which is only a point. At 
this point, all inputs of cubic term have the same size of frequency, for this case, the symbol contributes 
“5/2” degrees of smallness. Although the spaces we use in the infinite energy setting are weaker than 
spaces used in the small energy setting, the effect of infinite energy setting is very little to the modified 
scattering. We modify the profile in the same way as in the small energy setting to get the sharp L°° 
decay rate and the modified scattering property. 


1.5. Main difficulties and Main ideas of the proof. A very essential observation, which makes it 
possible to consider the infinite energy solution, is that the nonlinearities of the system (11.31) only depend 
on the steepness “ d x h ” and the physical velocity “d x ip” in the infinite depth setting. In Appendix iBl we 
will also show this observation by using a fixed point type method to analyze the Dirichlet-Neumann 
operator. This method is not only interesting of its own, but also can be applied to other settings, for 
example, the flat bottom setting. 

In the infinite energy setting, we also have to deal with the difficulties arose in the small energy 
setting. Those difficulties can be summarized as the losing derivatives issue and the slow decay rate 
issue. Besides those difficulties, we also confront an additional difficulty, which comes from the fact that 
we do not make any assumptions below ft 1 ' /r ’. The additional difficulty is that we lose 1/5 derivatives at 
the low frequency part in the sense that only 2 k / 5 \\Pf t u\\ L 2 , k < 0 is controlled when we put a input in 
L 2 . The issue of losing derivative at the low frequency part is very problematic in the energy estimate of 
Sh and Sip. We will discuss more about this in a while. 

To avoid losing derivatives at the high frequency part, we need to find out good substitution variables 
for h and ip. As the system (11.31) lacks symmetries, one fails at the beginning of energy estimate due 
to the quasilinear nature. Thanks to the work of Alazard-Delort 0 and AI azard- B u rq-Zu ilvfPl. their 
paralinearization method helps us to see the good structures inside the system (11.31) and to find out the 
good substitution variables U 1 and U 2 . The system of equations satisfied by U 1 and U 2 has requisite 
symmetries to avoid losing derivative when doing energy estimate. 

For intuitive purpose, the detailed formulas of U 1 and U 2 are postponed to (12.161) . It is enough to 
know at this moment that the difference between (U 1 , U 2 ) and iq. |V| zip) is at the level of quadratic and 
higher. Therefore, (U 1 , U 2 ) and ( 77 , |V| zip) have comparable sizes of the L°° decay rate and the size of 
energy. 

Since the local existence of (11.31) is already known, see l33l . We will prove our main theorem by the 
standard bootstrap argument. To close the argument, it is sufficient to control the following quantities 
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over time, 

\\(U\U 2 m\\ H N 0 , P , USU\SU 2 )\\ HNl , P , \\{U\U 2 ){t)\\ W N 2 . 


1.5.1. Energy estimate for (U 1 , U' 2 ). Now, we discuss main ideas of controlling IK?/ 1 , U 2 )(t)\fj fNf] . IJ 
over time. As mentioned before, there are three difficulties: (i) losing derivatives at the high frequency 
part; (ii) slow decay rate; (iii) losing derivatives at the low frequency paid. We will address how to get 
around those difficulties one by one. 

Recall that the system of equations satisfied by U 1 and U 2 has requisite symmetries inside, which 
help us to get around the potential difficulty of losing derivatives at the high frequency paid. However, 
due to the slow t” 1 / 2 decay rate, the cubic terms inside the derivative of usual energy arc troublesome. 

To get around this issue, we will use the normal form transformation to find out the cubic correction 
terms, which can cancel out those problematic terms. One very important observation is that the normal 
form transformation is not singular. As the symbols of quadratic terms compensates the loss of doing the 
normal form transformation. 

Then, we add those cubic correction terms to the usual energy. As a result, the derivative of the 
modified energy is quartic and higher, which has sufficient decay rate. 

Because of those cubic correction terms, due to the quasil incar nature, it is possible to lose derivatives 
again after taking derivative with respect to time. To get around this issue, we also add quartic correction 
terms, which will enable us to utilize the symmetries inside the system of equations satisfied by U 1 and 
U 2 again to see cancellations. As a result, the derivative of the modified energy does not lose derivative 
any more and also has the critical 1/t decay rate. 

Now, we address the last issue, which is the losing 1/5 derivatives at the low frequency paid. For 
intuitive purpose, we use the following terms inside the time derivative of modified energy as an example, 


d^QfU 1 ,U 2 ) + U^dPAiU 1 , U l )dx , p = 1/5, 


(1.16) 


where QiifJ 1 , U 2 ) represents the quadratic terms of dt.U 1 ,1Z\ represents the cubic and higher remainder 
term of dt.U 1 , .4(*, •) represents one of the normal forms that we will do. 

The quartic term is not problematic. As we can always put the input with larger frequency in L 2 
and the input with smaller frequency in L°°. Hence, the quartic term do not lose derivative at the low 
frequency paid. 

The remainder term is also not problematic. As the //-type and the L°°-type estimates of the 
Dirichlet-Neumann operator only depend on d x h and d x ip as long as a certain smallness condition on 
d x h is satisfied. This observation is sufficient to guarantee us to gain 1/5 derivatives at low frequency 
for the profile h + i\ V| 1//2 i/\ 


1.5.2. Energy estimate for (SU 1 , SU 2 ). Many parts of the energy estimate of SU 1 and SU 2 arc same 
as the energy estimate of U 1 and U 2 . We still need to utilize symmetries to avoid losing derivatives at 
the high frequency paid and add correction terms to cancel out the slow decay cubic terms. 

However, a major difference is that inputs SU 1 and SU 2 arc forced to put in if even they have 
relatively smaller frequency. For the case when SU 1 and SU 2 can be safely putted in L 2 , we will redo 
these procedures that we did in the energy estimate of if and U 2 . Here we only concentrate on the case 
when SU 1 and SU 2 have relatively smaller frequencies and can not be safely putted in if. 
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To illustrate this point, we use the following problematic cubic terms inside the derivative of usual 
energy of (SU 1 , SU 2 ) as example, 

[ d p Pk(SU 1 )d p Pk (Qi(P kl (5C/ 1 ), T\- 2 (t/ 1 ))), h < k 2 - 10 , k x , k 2 , k € Z. (1.17) 
Jr 

Note that the symbols of quadratic terms contribute the smallness of 2 kl,/2 , which is very essential. 

If one uses the normal form directly, then above problematic cubic terms vanish. However, we will 
have the following quartic term, 

I := f d p Q x (P k , [SU^PkzU^dPAiPk.lSU^PkzlU^dx, h,k[ < k 2 - 10. (1.18) 

Jr 

After putting SU 1 in L 2 and U l , i € (1, 2} in L°°, we have 

\I\<2-pU-P^ E (t), p = 1/5, 

where E(t) represents the energy of solution. Hence, this is not sufficient to close the argument when 
k\ and k\ are sufficiently small. This difficulty does not appear in the small energy setting, as we have 
p = 0 in the small energy setting. 

To get around this difficulty, we will first identity the most problematic term by using a more subtle 
Fourier method and then show that the most problematic term is actually not bad in the sense that the 
associated phase has a good lower bound. As a result, we can divide the phase again to gain extra decay, 
which covers the lose of derivatives at the low frequency part. 

Note that if 2' l ~N fcl < (1 + t) -1 , then the cubic term in (11.171) actually has 1/t decay. Therefore we 
onlv have to use the normal form transformation to cancel out (11.171) when 2^ p fcl > (1 + t) 1 , he., 

2 kl > (1 + t)" 5 / 4 . 

Next, we find out all problematic quartic terms. For intuitive purpose, we use quartic term in (11.181) as 
an example. Note that the symbol in (11.181) contributes the smallness of 2 fc i/ 2 . As a result, we know that 
when k\ + 10 > k\ or 2( 1 / 2 ~ p ' )k i < (1 + t)“ 1//4 , the loss of 2 ~ pkl ~ pk i can be covered by the symbol. 
Hence, it is only problematic when k\ + 10 < k[ and 2( 1 / 2-p ) fc i > (1 + t)^ 1 / 4 . 

A very important observation for this problematic quartic term is that the size of associated phases has 
a good lower bound. More precisely, the associated phases for quartic terms are given as follows, 

$ /V '’ r (£, V, <r) = l£| 1/2 - FI? - V \ 1/2 ~ v\p - ct | 1/2 - rH 1/2 , q, v, r <E {+, -}. 

Recall that k 2 — 10 > k\ > k\ +10 in the problematic case. For this case, the following estimate holds, 

\^’"’ T (£,ri,(T)\^k[(0i>k2(£ ~ v)i>kAv ~ >2^ /2 . (1.19) 

Hence, the price of dividing the phases | < F P ’'' ,T (£, 77 , er)| can be paid by the size of symbol in (11.181) . As 
a result, we can gain an extra f ^ 1 / 2 decay rate, which is sufficient to cover the loss of 2~ pkl ~ pk 1 < 
(1 + i ) 1 / 4 + 1 / 6 from putting SU 1 in H p . Note that we used the fact that 2 kl > (1 + t ) -5 / 4 and 2 / 'i > 

(l+t)- 5 /6. 

For all other problematic quartic terms, similar estimate as in (11.191) also holds, hence we can use the 
same argument to close the energy estimate of SU 1 and SU 2 . 
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1.5.3. The sharp L°°-decay estimate for {U 1 . U 2 ). From the energy estimates we have proven and the 
linear dispersion estimate in Lemma |4~T1 to prove sharp decay rate, it is sufficient to prove the L^-typc 
normfi.e., the Z-norm that will be precisely defined later) of profile does not grow with respect to time. 

Note that one has to be very carefully when trying to define an appropriate Z-norm. Since we cannot 
let Z-norm to be very strong, otherwise the finiteness of Z-norm implies the finiteness of energy. As a 
result, the Z-normed space we will use in this paper is weaker than the Z-normed space used in (TQ. 
To work in this weaker Z-normed space, we have to be more careful when doing estimates at the low 
frequency part. It turns out that the difficulties are still manageable. The ideas of proving the L°° type 
decay estimate are mainly based on the works of Ionescu-Pusateri l20l [2l , 23] [Ml. To improve the 
understanding of L°° decay estimate, many ideas are combined. As a result, the argument we present 
here is more concise. 

I. 6. Outline. In section [2l we fix notations, find the good unknown variables with good structure for 
the water waves system (11.31) , state the bootstrap assumption and then reduce the proof of main theorem 

II. 11 to two main propositions. In section [3] we mainly prove that the energy of solution of (11.31) only 
grows appropriately. In section 01 we mainly prove the L°°-norm of solution of (11.31) decays sharply. In 
appendix [A] we show that the requisite estimates of all remainder terms also hold in the infinite energy 
setting. In appendix [Bl we use a fixed point type method to analyze the Dirichlet-Neumann operator. As 
a result, one can see that the Dirichlet-Neumann operator only depends on the steepness of interface and 
the physical velocity, which is very essential to the existence of infinite energy solution. In appendix 0 
we do paralinearization for th full system (11.3b to show that the remainder terms do not lose derivatives. 


Acknowledgements. The author would like to express gratitude to his Ph.D. advisor Alexandru Ionescu 
for many helpful discussions. Also he would like to thank the invitations and hospitalities of Hausdorff 
Research Institute for Mathematics in Bonn and Fudan University where a part of this work was done. 


2. Preliminaries 


2.1. Notations and the multilinear estimate. We fix an even smooth function -0 : M —>• [0,1] supported 
in [—3/2, 3/2] and equals to 1 in [—5/4, 5/4]. For any k € Z, define 

f>k(x) := ip(x/2 k ) - ^(x/2^ 1 ), := f’(x/2 k ), ip> k (x) := 1 - i(x). 


Denote the projection operators P k , P <k and P >k by the Fourier multipliers ip k , ip< k and f> >k respec¬ 
tively. We use f k to abbreviate P k f. For a well defined nonlinearity N and p € N + , we will use A p (A f) 
to denote the p-th order terms of the nonlinearity N when an Taylor expansion of this nonlinearity is 
available. We use A> p (M) := ^2 q > p h- p {N) (A< p (A f)) to denote the p-th and higher (lower) order 
terms of the nonlinearity J\f. For example, A 3 (A f) denotes the cubic terms of N and A>;j (A/j denotes 
the cubic and higher terms of A f. The cubic and lower order terms of the Dirichlet-Neumann operator 
are given as follows, 


A<3[G(hW] = |V|V’—|V|(h]Vh/0 


- d x (hd x ip) + |V|(/i|V|(/i|V|V0) + 


|V|(h 2 ^ + 5 2 (h 2 |V|VQ 
2 


which can be found in If3ll2l1. 

The Fourier transform is defined as follows, 


( 2 . 1 ) 


m = Hfm = J e-^f(x)dx. 
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For two well defined functions / and g and a bilinear form Q(f, g), the symbol q(-. •) of Q(-. •) is defined 
in the following sense throughout this paper, 

F[Q(f, 9 )] (0 = [ /(£ - v)g(v)q(t - v, v)dv- (2-2) 

27T J r 2 

For a trilinear form C(f, g, h ), its symbol c(-, •) is defined in the following sense, 

F[C{f,g,h) ](0 = J -2 / l /(£“ v)g(v - v)h(<j)c(£ — ??, 77 — cr, a)dgda. 

47r Jr 2 Jr 2 

For a, f £ L 2 and pseudo differential operator o(x, £), we define the operator T a f and T„/ as follows, 

Jr 


T~af = F 1 [f Fx(a){€ - V,v)0(Z - v>v)f(v)dv], 
Jr 

where the cut-off function is defined as follows, 




1 when |£ — 77 1 < 2 10 177 !, 
0 when |£ — 77 1 > 2 10 |ry|. 


We also use 0{^ — r},rj) to denote cutoff function where two frequencies have comparable size inside the 
support. More precisely, 

0(c - *1, g) ■= 1 - ~v,v)~ 0(v, £ - v)- (2-3) 

Let the bilinear operator Rq (•, •) to be defined by the Fourier multiplier ()(■. ■). Flence, the following 
paraproduct decomposition holds for two well defined functions a and b, 


ab = T a b + T b a + Rb(cl, b). 


(2.4) 


Definition 2.1. Given p € N+, p > 0 and rri <E M, we use r"' (R" ) to denote the space of locally bounded 
functions a(x, £) on R n x (R n /{0}), which are C°° with respect to £ for £ / 0. Moreover, they satisfy 
the following estimate, 

V|£| > 1/2, ||^a(-,£)||^.cc < Q (1 + |£|) m -H, a G N n , 

where W p, °° is the usual Sobolev space. 


For symbol a € F/\ we can define its norm as follows, 

M™(a) := sup sup ||(l + |£|)H-^a(-,£)||^. 

M< 2 +p|f|>l /2 

We will use the following composition lemma for paradifferential operators very often. It can be 
found, for example, in |(T[[2]]. 


Lemma 2.2. Let m € M and p > 0, if given symbols a € and b G T / 1 


), we can define 


ajj b = T j dfadfb, 

^ i\ a \a\ 4 1 


H <p 


then for all p £ R, t/rere exists a constant K such that 

\\T a T b - T aib \\ Hll ^ m _ m _ m , +p < KM™(a)M™' ( 6 ). 


(2.5) 
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We will use the following fact very often. Recall that the scaling vector field is defined as S := 
tdt + 2xd x . For a bilinear operator A (•, •) with symbol a(-, •), then we have 

SA(f, g) = A(Sf, g) + A(f, Sg ) + A(f, g), d(£, 77 ) = - 2 (fd ;r £a(£, 77) + r/^a^, 77)). 

Especially, when a(-, •) is homogeneous of degree A, we have 

SA(f,g) = A(Sf,g) + A(f,Sg) - 2 A A(f,g), 

one can easily verify it after observing the equality 77) + rjcfoff, 77) = Aa(£, 77). 

Define a class of symbol and its associated norms as follows, 

S°° := {m : M 2 orM 3 — > C, 777, is continuous and || JF~ l {m)\\ L i < 00}, 

IMIsoo := ||J r_1 (777)|| L i, \\m(^g)\\s^ kiik2 ■= I|m(C,77)^ fc (OV’fc 1 (£ “ ‘n)'l>ka(v)\\s°°, 

IM£, cr )ll<S^> fei fc2 fe3 := 77, a)fi k (OV’ta (£ “ v)^k 2 (v ~ (<?) II<S°° ■ 


Lemma 2.3. Assume that m, in' E 5°°, p, q, r, s E [1, 00 ] mid we /mve smooth well defined functions 
f. g, h and f, then the following estimates hold: 

( 2 . 6 ) 


\m ■ m'\\s°° < 11 7771 1g 00 1j m!11 5 : 00 , 


\r 


_1 [ / rn{f,g)g(g)h(f-g)dg\\ 
Jr 


L r < IMIs° 


I I. . 1 . 1 1,1 

| LP\\h L«) if — —-1-) 

r p q 




-1 


77 , cr)f(a)g(rj - o)h(£ - g)dgda \\, < ||m'| 


LP S L® 


J 1 1 1 

if - — - 1 - 1 -. 

s p q r 

Proof. The proof is standard, or see l20l |2D for detail. 


(2.7) 

( 2 . 8 ) 

□ 


To estimate the S% klM or the S% klMM norms of symbols, we constantly use the following lemma . 

Lemma 2.4. For i E {2,3}, if f : M' —>• C is a smooth function and k\, ■ ■ ■ , k h E Z, then the following 
estimate holds, 

i i i 

/«i,---sEE 2 ” 1 ' iiSfe/iii"- c-» 

j=l m=0j=l 

Proof We only consider the case when i = 2 here, as the proof of the case when i = 3 is very similarly. 
Through scaling, it is sufficient to prove above estimate for the case when k\ = & 2 = 0. From the 
Plancherel theorem, we have the following two estimates, 

II [ /( 6 , 6 )e 4 (xi? 1 + ' I ' 26 ) V’o(?i)V’o( 6 )^i^ 2 ||L 2 < ||/(£i, 6 )IIl 2 ° , 

JR* 13 1 51,52 

||(|*i| + |z 2 |) 2 [ /(ei,6)e^ 1+ ^ 2 Vo(ei)V’ofe)^i^2||^ I2 

Jr* 

2 

<E [nc/lii” + il a S/ilH. 

m =0 

which are sufficient to finish the proof of (12.91) . □ 
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2.2. The good substitution variables. At the very beginning, we first mention that the content of this 
subsection is not new, we briefly introduce and explain the main ideas behind here. There are more 
details in the Appendix 0 Also those interested readers can refer to Q for more elaborated details. 

The main process of deriving the good substitution variables can be summarized as paralinearization 
process and symmetrization process. Before we introducing main ideas of doing those processes, we 
define the following variables, 

B := B(h)iP := V ' = '' = ^ ~ d * hB ( h ^’ (2 ‘ 10) 


a = 1 + dtB + Vd x B, a = \fa — 1, (2.11) 

where B and V represent the vertical derivative and the horizontal derivative of the velocity potential at 
the interface respectively and a is actually the so called Taylor coefficient. 

As a result of paralinearization (one can also see Lemma ICTI ). we have the following decomposition 
of the Dirichlet-Neumann operator, 


G(h)ip = |V|w - d x (T V{h)ll; i)) + F(h)ip, uj := ip - T B ( h) ^h, (2.12) 

where F(h)ip is a quadratic and higher good error term, which does not lose derivatives. Recall (11.31) . 
After doing paralinearization for the nonlinearity of dtip, we have 


~^\ 2 + 


(G(h)ip + d x hd x ipf 
2(1 + \d x h\ 2 ) 


1 


1 


= -oiwr+5(i + iw(5wr 


= —Tyd x {ip — Tpji) — Ty d x Bh + T B G(h)ip + 72, (2.13) 

where 71 is also a quadratic and higher good error term, which does not lose derivatives. The main point 
of the paralinearization process is to identify the cancellations and highlight the quasilinear structures 
inside the nonlinearities of the system (11.31 ). 

Recall the definition of uj in (12.121 ). From (12.131) , we have 


dtu = —h — Ty d x ui — Tyg xB h + T B dth — Tg tB h — T B dth + 71 = — T a h — Tyd x u + 71. 


To sum up, we have 


f d t h = |V|w - T v d x h + F{h)ip , 
\ d t oo = -T a h - Tyd x uj + 72. 


(2.14) 


One might find that the system (12.141) still cannot be used to do energy estimate, as the following term 
loses derivatives and it cannot be simply treated, 


I d k x hd k x |V|w - d x \V\ 1 / 2 udl\'V\ 1 / 2 (T a h). (2.15) 

To get around this issue, we need to symmetrizing the system (12.141) by using the following good variables 

U 1 = T^h = h + T a h, U 2 = |V|^w. (2.16) 

As a result, from (12.141) , the system of equations satisfied by U 1 and U 2 can be formulated as follows, 

/ d^-M^u 2 = T a \v\ 1 / 2 u 2 -T v d x u 1 +n ll 

\ dt^ + lVl^U 1 = -T a \V\ 1 / 2 U 1 -Tyd x U 2 + K 2 , ; 


where 72 1 and 722 are quadratic and higher good error terms that do not lose derivatives. Their detailed 
formulas are given in (1A.1I) and (IA.2I ). 
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As a result of symmetrization, the bulk term (12.151) . essentially speaking, becomes to the following 
term 

J d^d^T^M^u 2 ) - 

which does not lose derivatives. One can verify this fact by utilizing symmetries on the Fourier side. 

Since we will cancel out the quadratic terms inside the system ( 12.171) . it is important to know what 
quadratic terms are. Till the end of this section, we assume that the expansion of the projection operator 
A> 3 [-1 is taken with respect to U 1 and U 2 . 

From (12.11 ) and (12.161) . we can rewrite (12.171) as follows, 

dtU 1 - |V|V 2 t / 2 = Qi{U\ U 2 ) + Cl + A> 3 [fti] 
dtU 2 + |V| W = Q 2 (U\ U 1 ) + Q 3 (U 2 , U 2 ) + C 2 + A> 3 [7£2], 

where Q 1 (-, -), Q 2 (-,-) and Q:>,(■■ •) denote quadratic terms and C\ and C ' 2 denote the cubic and higher 
order terms that at most lose 1 derivative. More precisely, 


(2.18) 


Ql (U\U') = -T wriu2 a,u' - ? 




-IVK^IVI^ 2 ) + |V|(T ,1 u 1 ) - d^u^M-lu 2 ) + d x (T 


■|V| 2(7 2 


d x \v\-?u* 


u 1 


Q2(U\U 1 ) = ||V| *T Mu iU\ q 3 (u 2 ,u 2 ) = -|V|^T iM _ hu2 d x w- l / 2 u 2 , 

Cl = r A > 2 [ Q] |V| 1/2 t/ 2 - T A ^ [v] d x U\C 2 = - T^ 2[v] d x u 2 . (2.19) 

We remark that the good error terms '1Z\ and IZ 2 contribute the following quadratic terms, 

A 2 [n 1 ](U\ U 2 ) = Q 1 (U 1 , U 2 ) + ^T mu i\V\^ 2 U 2 + T dxM -i /2u ,d x U\ 

A 2 [n 2 ]{u\u l ) = q 2 ( c / 1 , c / 1 ) - ±T M mW 1 / 2 u\ 

A 2 {K 2 ](U 2 , U 2 ) = q 3 (u 2 , U 2 ) + Tg xM - 1/2u2 d x U 2 . 

The corresponding symbols of quadratic terms are given as follows, 

Qi(£- , n,‘n)= = ((£ ~v)v\v\~ 1/2 + M 3/2 / 2 )%,£-?7) ( 2 . 20 ) 

i=l,2,3 

Qi(£,-V,v) = - |£-77M 1/2 0(£-f7,W2,9i(f- V,v) = HM 1/2 + $v\ri\- 1/2 )kri,t-v), ( 2 - 21 ) 

-v,v) = \£\ 1/2 \v\8{v,£- , n)/2, 

93 (C - v, v) = l£l 1/2 (£ - v)v\€ ~ v\- 1/2 \v\- 1/2 0(v, £ - ri), 

where q t {-, ■) i € {1, 2,3}, are the symbols of operators Qi(-, ■). 

Lemma 2.5. If \ k \ — k 2 \ > 5, the following estimates hold, 

£ n«(f - ’».’»)ii«a I * s 

i=l,2,3 

lki(C-9,9) + 9i(-^^)l|5P°, + qKv - , 


( 2 . 22 ) 

(2.23) 


(2.24) 


+ \\Q3(^-V,v) + ?3(-f> 


,^2 


< 23min{fci,fc2}/2 


(2.25) 
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//'I A’] — A’ 2 1 < 5, the following estimate holds, 

E lla({ - ~ 2* +tl/2 . (2.26) 

i=l,2 ,3 

Proof. From Lemma [2~4l and explicit formulas in (12.201) . (12.211) . (12.221) . and (12.231) . it is easy to see that 
our stated estimates hold. □ 

2.3. The bootstrap assumption and proof of the main theorem. Since the sizes of (U 1 ,U 2 ) and 

(h, V are comparable, from the smallness assumption of initial data (r/o, Lo) in ( 11 . 101 ) . it’s not 

difficult to see the following estimate holds, 

\\(U\U 2 )(0)\\ HNo , P + \\xd x (U\U 2 )(0)\\ H N 1 , P <e 0 . (2.27) 

We will use the bootstrap argument to show the global existence of solutions of the system (12.181) . which 
further gives us the global existence of (h, 'if). Same as in the small energy setting, we expect that the 
energy grows appropriately and the decay rate of L 00 -type norm is sharp. This expectation leads to the 
following bootstrap assumption, 

sup (1 + t) _po [ ||(f/ 1 , U 2 )(t)\\ H N 0 , P + ||S'((/ 1 , U 2 )(t)\\ H N llP ] 
te[o,T] 

+ (l + t) 1 / 2 \\(U 1 ,U 2 )\\ W N 2 < £l :=e^ /6 «l. (2.28) 

In section [3] we will prove the following proposition, which is sufficient to show that the total energy 
appropriately grows. 

Proposition 2.6. Under the bootstrap assumption (12.281) . we can define modified energies P r nodi(f) ~ 
|| (L7 1 , U 2 )(t) \\ 2 h n 0 , p an d Ef nodi (t) ~ ||(5(/ 1 ,S , C/ 2 )(t)||^ JVl , p and have the following energy estimate, 

sup (1 + t) 1 - 2po [\^-E modi (t)\ + l-^-EwtWI] ^ £ o- (2.29) 

te[o,T] at 

Therefore, 

sup (1 + t)~ Po [|| (I7 1 , U 2 )\\ h n 0 , p + ||5'((7 1 , C/ 2 )|| ff jv 1 , P ] < e 0 . (2.30) 

tg[0,T] 

In section |4[ we will prove the following decay estimate for the L°°-type norm. 

Proposition 2.7. Under the bootstrap assumption (12.281) and the improved energy estimate (12.301) . we 
can derive the following improved decay estimate, 

sup (1 + A) 1/2 ||(C/ 1 ,C/ 2 )||^ 2 <e 0 . (2.31) 

te[o,T] 

With above two propositions, it’s easy to see our main theorem holds. 

3. Energy estimate 

3.1. Normal form transformation. We first find out the normal form transformations that can cancel 
out the quadratic terms. Let 

Fi := U 1 + A!(U\ U 1 ) + A 2 (U 2 , U 2 ), V 2 := U 2 + B(U\ U 2 ), 


(3.1) 
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where A\{-, ■) and A 2 f, ■) are two symmetric bilinear operators. It’s easy to derive the quadratic terms 
inside the equations satisfied by V\ and Vo as follows, 

Qi{U\ U 2 ) + 2A 1 {\V\ 1/2 U 2 , U l ) - 2A 2 (\V\ 1/2 U\ U 2 ) - \V\ 1/2 B{U\ U 2 ), 

Q 2 (U\ U 1 ) + Q 3 (U 2 , U 2 ) + B(\V\ l / 2 U 2 , U 2 ) - B(U\ |V| ^U 1 ) 

+|V| 1 / 2 (^i(17 1 , U 1 ) + A 2 {U 2 , U 2 )). 

To make above quadratic terms vanish, it would be sufficient if the symbols of bilinear operators A\{-, •), 
A 2 (-, •) and £?(•,•) satisfy the following system of equations: 

9i(£ - V, v) + 2|r?| 1/2 ai(£ - 77 , 77 ) - 2|e - # /2 a 2 (£ ~V,v)~ lei“ V,v) = 0, 

Q2(€ ~v,v)~ b (£ - v,v)\v \ 1/2 + 92 v) - b(rj,£- rj )|£ - 77 | 1/2 
+ 2 |?| 1/2 ai {£~V,v) = 0 , 


(3.2) 


93 ~v,v) + <?3(?7, £ - 77 ) + 6(C - 77 , 77 ) 1 ^ - p| 1/2 + 6 ( 77 ,$ - 77 )|?7l 1/2 

+ 2 |?| 1 / 2 a 2 (^ - 77 , 77 ) = 0 . 

The solution of above system is given as follows, 

b (£ ~ VBl )\ v \ 1/2 ~ 92 (f; - 77,77) + 6(77, f - 77) |£ - 77I 1 / 2 - 92(77, e - 77) 


Me - 77,77) = 


02 (? - 77 , 7 ?) = - 


&(e - 77, 77) = 


2|£| 1 / 2 

ft(e ~ 77 , 77 ) 1 ^ ~ ? 71 1/2 + 93 (e ~ 77, 77) + 6(77, ^ — 7?)|?7| 1/2 + 93(77, £ ~ 77) 

2|£| 1 / 2 

(le - 7 ?| + I77I - |g|)A(g - 77,77) - 2 A ( rj , £ - 77)- 771 1 / 2 1 77 1 1/2 

-(ie-77i + |7?i-iei) 2 + 4ie- 


(3.3) 

(3.4) 

(3.5) 


where 


77,77) := |^| 1 / 2 9 i(^ -77,77) - (92^ -77,77) + 92(77, e -T 7 ))|? 7| 1/2 
+ (93(^ - 7?,77) + 93(77,? - ??))|C - T7| 1/2 . 

Lemma 3.1. The following estimate holds, 


Me - T?,77)ii5^ iife2 + iMe - 77,77)11 iifc2 + iwe - Mk~ fcl , fc2 „ 


< 2 max {^lj^ 2 } 


(3.6) 


Proof. If \k] — k 2 \ > 10, then estimate (12.241) in Lemma [231 holds. From (13.31) . (13.4b . (13.51) and Lemma 
12.41 the following estimate holds, 

< 2 max {^ 1 ^ 2 } 


Me - Mk~ fcl , fc2 + iMe - Mk~ fcl , fc2 + m - Mk~ fclifc2 ~ 


(3.7) 


If |jfei — k 2 \ < 10, then estimate (12.261) in Lemma [231 holds. Note that q 2 (^ — 77, 77) = q 3 (t; — 77, 77 ) = 0 
for this case. Hence, from (12.61 ) in Lemma [231 the following estimate holds, 

c2?>k/2+k\/2 


IIM-Mk-^ + HM,e-7?)i| 5 ^ iife2 „ 


(3.8) 


which further gives us the following estimate, 


|ai (e-77,77) ii 5 ^ iifc2 + iio 2 (e-77,77) ii 5 ^ iifc2 + iiKe-77,77) ii 5fc - fciifc2 <2 fci . (3.9) 

□ 
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3.2. Energy estimate of U 1 and U 2 . As the cubic terms inside the time derivative of energy decay 
slowly over time, they are problematic when doing energy estimate. Recall (12.181) . The cubic terms at 
the top derivative level are given as follows, 


zf 0 = me 


[ dgou'd? 0 [Qi{U\ U 2 )\ + dx°U 2 dx° [Q 2 {U\U l ) + Q 3 (U 2 , U 2 )} 

Jr 


(3.10) 


Due to the quasi linear nature, to avoid losing derivative again after adding the cubic correction terms, 
we utilize symmetries inside the system (12.18b first. After switching the roles of same type inputs inside 
Zj^ 0 on the Fourier side, we can rewrite it as follows, 


zf° = me 


- r])U 2 (r]) + f7 2 (Ogir 0 (£ - ~ rj)U^(rj) 


where 


+J \u 2 ml 0 (£ - v,v)u 2 (t - v)U 2 (v) 


(3.11) 


<?w 0 (£ - v,v) = 9i(£ - V,V)\C\ 2N ° + 9i(-£,»7)|£ - ri\ 2No + 2 Qi(C ~ r],r])\^\ 2N °, 

<&<>(£-v,v) ■= q2(v,^ - vM\ 2No \v\ 2No , 

q 3 N 0 ^~v,v) -=Q3^-v,v) l£l 27V ° + q3(-^,v)\C - v\ 2No ■ (3.12) 

Recall (12.211) . (12.221) and (12.231) . From (12.251) in Lemma [231 we can see that cancellations happen in 
q' Nfi (•, •), i € {1,2,3},. From (12.251) in Lemma 1231 and (12.61) in Lemma l231 the following estimate holds. 


E ll?Ko(f-’<.’<)lk», 1 ,, s <2 3mi " 1 '"' W2+2 ' Vo ‘. (3-13) 

i=l,2,3 


We define bilinear operators Q\[U^. U 2 ), Q 2 (U 1 , U 1 ), Q 3 (U 2 . U 2 ) by the following symbols, 

m~V,v) = — *€{1,2,3}. (3.14) 

From (13.131) and Lemma [231 the following estimate holds: 

E ll«(£->;,'!)ll51», I> , 2 <2 3m “t‘"‘4/ 2 . (3.15) 

i=l,2,3 


Solving a similar system of equations as in (13.21) with Qi(-, •) replaced by Q t (-, •), we can find bilinear 
operators Ai((7 1 , U l ), A 2 (U 2 , U 2 ) and B^U 1 , U 2 ) such that 

2A 1 (\\/\^U 2 ,U 1 ) -2A 2 (\\/\^U\U 2 ) + Q 1 (U 1 ,U 2 ) -\V\^B(U\U 2 ) = 0, (3.16) 

Q 2 (U 1 ,U 1 ) + \V\*A 1 (U 1 ,U 1 )-B(U 1 ,\V\*U 1 ) = 0, (3.17) 

Q 3 (U 2 , U 2 ) + |V|3l 2 ((7 2 , U 2 ) + B{\V\m 2 , U 2 ) = 0. (3.18) 

Very similar to the proof of Lemma [3711 from (13.151) . we have the following estimate, 




k°? fcl , fc2 + ll«2(c — * 7 , - 


+ II b(£-ri,\ 


J k,k-^ ,k2 


< o m in{fci,fe2} 


(3.19) 


So our strategy is to use normal form transformations Ai((/ 1 ,(7 1 ), A 2 (U 2 , U 2 ) and /iff/ 1 , U 2 ) to 
cancel out the quadratic terms i € {1,2,3}, which will effectively cancel out the bulk cubic 
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terms listed in (13.101) when doing energy estimate. An advantage of utilizing symmetries first is that 
those normal form transformations do not lose derivative, see (13.19b . 

Define W 1 = U 1 +A\(U 1 ,U 1 )+A 2 (U 2 ,U 2 ),W 2 = U 2 +B(U 1 ,U 2 ). From the system of equations 
(12.18b satisfied by U 1 and U 2 , we can first derive the system of equations satisfied by W 1 and W 2 . Then, 
to see symmetries inside the nonlinearities, we substitute (U 1 , U 2 ) inside the quadratic terms and C\ and 
C 2 by (VF 1 , W 2 ). Recall (12.17b . (12.18b and (12.19b . As a result, we can write the system of equations 
satisfied by W 1 and W 2 as follows, 

I d t W 1 -\vfiw 2 = £h + GC 1 + C 1 + K 1 , 

\ d t W 2 + \V^W 1 = Q2 + GC2 + C2 + n 2 , 

where 

Hi = Qi(W\W 2 ) - Qi(W\W 2 ), 

H 2 = Q 2 (W\W 1 ) + Q 3 (W 2 , W 2 ) - Q 2 {W\ W 1 ) - Q 3 (W 2 , W 2 ), 

Cl = -T^ 2[v] d x w l + T A > 2[a] \V\lw 2 ,C 2 = -T A ^ [v] d x W 2 - T a > 2N |V|^FF\ (3.21) 
GC\ = T v d x (Ai(U\ U 1 ) + MU 2 , U 2 )) - 2A 1 {T v d x U 1 ,U 1 ) - 2A 2 {T v d x U 2 , U 2 ) 

-T a \\/\^B(U 1 ,U 2 ) + 2A 1 {T a \V\^U 2 ,U 1 )-2A2(T a \\/\^U 1 ,U 2 ), (3.22) 

GC 2 = T v d x {B{U\U 2 )) - B(T v d x U\U 2 ) - B{U\T v d x U 2 )+ T a \V\^{A 1 {U\U 1 ) 

+ A 2 (U 2 ,U 2 )) + B(T a \V\^U 2 ,U 2 ) - B(U 1 ,T a \V\^U 1 ). (3.23) 

To improve presentation, we postpone the detailed formulas of 7v!.i and IZ 2 to Appendix |A] as their 
formulas are tedious and not very easy to see structures inside without detailed explanation. It is good 
enough to know that they have sufficient decay rate and do not lose derivatives at the high frequency part 
or at the low frequency part. 

From the construction of bilinear operators € {1,2,3}, we can see that the quadratic terms 

Hi and H 2 vanish when doing energy estimate. We will show that there are cancellations inside the good 
cubic terms GC\ and GC 2 and there are symmetries inside cubic terms C\ and C- 2 - Therefore, W\ and 
W 2 are good substitution variable of U 1 and U 2 at the top regularity. Moreover, as losing derivative is 
not a issue when we estimate the growth of H p norm, we can just cancel the quadratic terms directly 
by using the normal form transformation. Those intuitions motivate us to define the following modified 
energy: 

E m odS)= l - j [\d p U 1 \ 2 + \d p U 2 \ 2 ]+ f d p U 1 d p x [A 1 (U\U 1 ) + A 2 (U 2 ,U 2 )\ 

+ d p U 2 d p [B(y l ,U 2 )\+\J [\d*°w l \ 2 + \d*°W 2 \ 2 ]. (3.24) 

Lemma 3.2. Under the bootstrap condition (12.28b . the following estimate holds. 



(3.25) 
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Proof. From (13.6b in Lemma [3TTI and L 2 — L°°-type estimate (12.7b in Lemma 1231 the following estimate 
holds after putting the input with larger frequency in L 2 and the smaller one in L°°, 

f dP x U 1 dP[A l (U\U 1 ) + A 2 (U 2 ,U 2 )\ + d p U 2 d p [B{U\U 2 )\ 

< m\u 2 m\\WA(u\u 2 m\\ w o < (i+f)- i/2+2p o e ?. 

From (13.19b and L 2 — L°° estimate (12.7b in Lemma [231 we have 

Wd^iW 1 -^^ 2 -^)^ < \\(U\U 2 )m H »oA(U\U 2 m\\ wl < (l + t)- l / 2+2 ^e\. 
Therefore, from the definition of E modi (t) in (13.24b and above estimates, it’s easy to see our desired 
estimate (13.25b holds. □ 


After taking a derivative with respect to time for E modi (t), we have 

"77 E mo di(t) = J\ + J 2 + J 3 , 
at 

where 

Ji = f diu x di[c, + a> 3 [^i]] + d p u 2 d p [c 2 + a> 3 [77 2 ]] , 

J 2 = f d p A^[dtU^A^U 1 , U 1 ) + A 2 (U 2 , U 2 )) + d p A> 2 [d t U 2 ]dP(B(U\ U 2 )) 

+2d p U 1 d p (A 1 (A> 2 [d t U 1 ], U 1 ) + A 2 (A> 2 [d t U 2 }, U 2 )) 
+d p x U 2 d p x (B(A> 2 [dtU 1 ],U 2 ) + B(U 1 1 A> 2 [d t U 2 ])), 

J 3 = f d”°W l d”° [Cl + GC1 + 77.]] + d?°W 2 d?° [C 2 + GC 2 + 77 2 ]. (3.26) 

Lemma 3.3. Under the bootstrap assumption (12.28b . we have 

sup £ (l + t) 1 -^°|J i |<e§. (3.27) 

<e[o,T] j _ lj2j3 


Proof, (i) To estimate J\ and J 2 , as p G (0,1/4) is far away from A r o, we can estimate it straightfor¬ 
wardly by putting the input with higher frequency in L 2 and putting the input with lower frequency in 

L°°. 

From (13.6b in Lemma 13711 L 2 — L°°-type estimate (12.7b in Lemma [231 and ( lA.Sb in Lemma lA31 the 
following estimate holds, 

\Ji\ + \J 2 \ < ||A> 2 ( < 9 t L/ 1 ,^t/ 2 )|| jF/1+ ^||(t/ 1 , t/ 2 )|| jF/ i + ^||(t/ 1 , t/ 2 )||^o + \\(U\U 2 )\\ 2 h1+p , p 

x II(f^ 1 ) U 2 )\\‘^ V 2 + {{(U 1 ,U 2 )\\ h n 0 ,p\\A>3[71i,1Z 2 ]\\ h n 0 ,p < (1 + |f|)- 1 + 2 p °eo. 

(ii) Recall (13.21b . We can utilize symmetries to estimate Ci and C 2 as follows, 


J d^W'd^C! +d^°W 2 d^°C 2 


< J2 \d^Ard^T A>2[v] d x yr 

i=l,2 


+ 


H |V|s W 2 - d?°W 2 d?°T A wfvpw 1 


< ll(^ 1 ,^ 2 )ll^ 0 [||A> 2 [y]||^ + \\a> 2 [<*]\\~\ < ||(C/ 1 ,C/ 2 )||^o, p ||(C/ 1 ,C/ 2 )||^3 
<(l + \t\r 1+2p °ef<(l + \ t \r 1+2p °e 2 . 


(3.28) 
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From (13.161) and (13.221) . we can reduce GC\ further as follows, 

GC\ = T v d x (MU\ U 1 ) + A 2 {U 2 , U 2 )) - 2A l (T v d x U\U l ) - 2 A 2 (T v d x U 2 , U 2 ) 

+T ct [2li(|V|5[/ 2 ,[/ 1 ) - 2A 2 {\V\^U 1 ,U 2 )]-2A 1 (T a \V\^U 2 ,U 1 ) 
+2A 2 (T a \V\^U\ U 2 ) + TaQiiU 1 , U 2 ). 

Recall that Q i(-, •) and A r {-. •), i G {1, 2}, do not lose derivation, see (13.151) and (13.191) . Now, it is easy 
to see there are cancellations inside GC\ . After utilizing symmetries on the Fourier side, the following 
equality holds, 

^(GC' 1 )(0= [ U i (r t -(T)U i (<T)V(Z-Ti)e 1 (Z,ri,a)+ 

J R 2 


U 2 {v - cr)U 2 {cr)V(i - rj)e 2 (£, 77, a) + U 1 (r] - a)U 2 {cr)a(£ - r?)e 3 (^, 77, cr), 
where, for j € {1,2}, 

ej(£,t7,c0 = 2i(r? - cr)[0(£ - v,v)aj(v ~ &,&) - %■(£ - 0,0)6^ - r/,r/ - a)], 


^,rj,(7) = 2\a\ 1/2 [a 1 (cr,r) - cr)6(£ - 77,77) - ai(f - r? + cr, 7/ - cr)l 9 (f - 77, cr)] 

-2(77 - cj| 1/2 [a 2 (r? - a, a)0{£ -rj,rj)- a 2 (£ - cr, cr)< 9 (£ — 77,77 — cr)]. 

From above explicit formulas and Lemma [2~4l the following estimates hold. 


|ei(£,r 7 ,cr)|| 5 : 




e2(?A7,cr )|| 5 


00 

,A;2 ,/c3 


< 22med{A;i,A:2,fc3} 


l|e 3 (^, 77, cr)|| <S go fci 




< ^3med{fci,fc2,fc3}/2 


where med{/ci, k 2 , k^} denotes the medium number of k\. k 2 . k^. Flence, from L 2 — L°° — L°° type 
estimate in Lemma [2731 the following estimate holds, 


IIWII^ < ||(C/ 1 ,C/ 2 )||^ 0 . P ||9 3; (t/ 1 ,i7 2 )||^[||«||^ + ||F||^] 


< I \(U\ t/ 2 )||^ 0 , P ||(t/ 1 ,t/ 2 )||^3 < (1 + |t|)- 1+po e? < (1 + \t\r 1+ r°e 2 . (3.29) 

The estimate of GC 2 is very similar, the upper bound in the right hand side of (13.291) still good for GC 2 . 
We omit the details here. 

From (I A. Si ) in Lemma [A. 1 1 it is easy to see the following estimate holds, 

| Jd^w^n. + d^w^n,] < ||(ff 1 , w 2 )\\ h n 0 ,p\\('JZi,'jz 2 )\\ h n 0 ,p < (i+ t)- 1 + 2 ^e 2 . 

Recall (13.261) . Now, it is easy to see our desired estimate (13.31) holds. 

□ 
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3.3. Energy estimate of SU 1 and SU 2 . Note that [d t . 5] = dt and [+| Y|^. S] = +| V|5. On the one 
hand, from the system (12.171) . we can derive the system of equations satisfied by SU 1 and SU 2 with 
highlighted quasi linear structure as follows, 


f d t SU 1 - |V| 1 / 2 SU 2 = TalVl^SU 2 - T v d x SU l + Kf, 

\ d t SU 2 + |V|^St/ 1 = —T a \S7\ l / 2 SU l - T v d x SU 2 + , 


where TZf and 7?.f are quadratic and higher good remainder terms that do not lose derivatives in SU 1 
and SU 2 . More precisely, we have, 

nf -.= (s + i)n i + s(r Q |v| 1/2 t/ 2 - T v a x u*) - T a \v\ 1/2 su 2 + r v d x su 1 , (3.3i) 

rS ■= (s + I)n 2 + 5(—TalVl 1 / 2 !/ 1 - T v d x U 2 ) + T a \R7\ 1/2 SU l + T v d x SU 2 . (3.32) 

On the other hand, from the system (12.181) . we can rewrite the system (13.301 ) as follows to highlight the 
structures inside the quadratic terms, 

I dtSu 1 -\v\lsu 2 = Q?(su 1 ,su 2 ) + £i$ + g 1 + d 1 + m 1 , 

\ d t su 2 + iv\^su 1 = a§(su 1 ,su 2 )-hQ$ + Q 2 + c 2 + m 2 , 

where Of (•, •) and Of (•, •) are quadratic terms that have quasilinear structures inside, Of and Of are 
quadratic terms that have problematic low frequency part, Q\ and Q 2 are commutator quadratic terms 
that do not depend on the scaling vector field, C\ and C 2 are cubic and higher order terms that at most 
lose one derivatives and and DO are good cubic and higher order terms that do not lose derivatives. 
Their detailed formulas are given as follows, 

Of (SU 1 , SU 2 ) = Qi(SU 1 , U 2 ) + Q\(U l , SU 2 ) - T dxM -y 2sm d x U\ 


Of (St/ 1 , St/ 2 ) = Q 2 (SU 1 ,U 1 ) + Q 2 (t/\ St/ 1 ) 

+Q 3 (SU 2 , U 2 ) + Q 3 (U 2 , SU 2 ) + T d ^_i su 2 d x U 2 , 

Of = T dxM - 1 / 2 su 2 d x U\ Of = -T dxM _ hsu 2 d x U 2 , (3.34) 

Qi = Qi(U\U 2 ) + SQ^U 1 , U 2 ) - Q 1 (SU 1 , U 2 ) - Qitt/ 1 , St/ 2 ) (3.35) 

Q 2 = Q 2 (U\ U 1 ) + Q 3 (U 2 , U 2 ) + SQ 2 (U\ U 1 ) - Q 2 (SU\ U 1 ) - Q 2 {U\SU 2 ) 

+ SQ 2 (U\ U 1 ) - Q 2 (SU\ U 1 ) - Q 2 (U\SU 2 ), (3.36) 

Cl = T a ^ [q] \V\^SU 2 - T A ^ [v] d x SU\C 2 = T A ^ [a] \V\^SU 2 - T A ^ [v] d x SU\ 

9ti = A> 3 [ftf], Dl 2 = A> 3 [R 2 ], 

To better see which parts of Of (•, •) and Of (•, •) lose derivatives in SU 1 and SU 2 , especially in later 
energy estimate part, we define the following auxiliary bilinear forms, 

Of (St/ 1 , St/ 2 ) := Of (St/ 1 , St/ 2 ) -T^V^S^ + T^y^SU 1 , (3.37) 


Of (St/ 1 , St/ 2 ) : =Of(St/ 1 ,St/ 2 ) + T Al[Q] |V| 1 / 2 St/ 1 +T Al[y] 9 a: St/ 2 . (3.38) 

From ( 13.301) . we can see that Of (St/ 1 , SU 2 ) and Of (St/ 1 , SU 2 ) do not lose derivatives in SU 1 and 
St/ 2 . 










INFINITE ENERGY SOLUTION OF THE 2D GRAVITY WATER WAVES 


19 


3.3.1. Handling the bulk quadratic terms Qf and Ilf. Similar to what we did in the subsection 13.21 we 
will also utilize symmetries for the high frequency part. For r = p, N \, we can utilize symmetries of the 
same type of inputs and do changing of variables on the Fourier side. As a result, the following equality 
holds, 

*fo[Jd^%£Lf + drSiP%£l§\=nt[ J W'(Z)ql(Z-r,,r,)SW(Z-r,)lP(r,) 

+ Smm 2 AC - V,v)SU 2 (^ - dWiri) + SU^mUC - V,v)SU*(ti - rj)V*(rj)\ , (3.39) 

where 


9t(£ - V, V) = l?| 2r (?i(C - V, V)/1 + 9?(£ ~V,V) + ?i(£ ~ V, v)) + 9i(“f > v)\£ - v\ 2r A 
9t(£ -v,v) = \Z\ 2t {qi(v,€ - v) + v(£ - v)\v\- 1/2 Q(£ - v,v)) + l£ - v\ 2t {q 2 {v,-C) + q 2 (-t,v)), 
$(€- v , v ) = l£l 2r M£-7?,77) + 93(77 ,C-t ?))/2 + |C-774(93(77,-C) + 93 (-C,t 7))/2 
-(£ - '/AC - v\- 1 / 2 \v\~ 1 / 2 \e /2+2r m - 77,77). 

Note that qi(^ — 77 , 77 ) 0 ( 77 ,^ — 7 /) = — rj) and qi(£ — 77 , ?/)0(C — r/, 7 /) = q{{£ — r),rj). From (12.251 ) 

in Lemma l231 we can see cancellations also happen when |? 7 | <C |C — t/|. Moreover, when |C — 77 1 <C I 77 I, 
we can gain at least one degree of smallness from the symbols as we put those exception terms into Of 
and Qf. For the Hight x High type interaction, all terms except qf (-, ■) vanish, see (12.211) . (12.221) . and 
(12.231 ) . As a result, the following estimate holds, 

( 2 3k ^ 2+2rk if k 2 < h - 5 

E Mr(^~V,v)\\s^ k < \ 2 ( 2r+1 ) fe+fcl / 2 if \ki — k 2 \ < 5 (3.40) 

*=1,2,3 ,1,a ( 2 fc i+( 2 -+ 1 /2)A: if h\ <k 2 — 5. 


For r = p, A T ,, we define Qi^SC/ 1 , U 2 ), Q 2 , T (SU 2 ,U 1 ), Q^SU 1 ,!J 1 ) and Q 4 , T {SU 2 ,U 2 ) by 
the following symbols, 


~ u \ #(£-77,77) ~ ( , x Qt (£~ v , v ) 

qiAZ-‘n,v) = ——> 92, 4 C - v,v) = —pp—■ 

9t(£ - V,V) 


93,r(C - 7?,??) = 


l£A 


, 94, r (£-??,??) = 


2|C| 2t ’ '#>■#/ |^|2 r 

We also define the following substitution variables of S'?/ 1 and ,S'(/ 2 , 


Wet := SC/ 1 + Ci, T (SC/\ C/ 1 ) + C 2 , t (SC/ 2 , C/ 2 ), (3.41) 

W 2 , t := SU 2 + D hT {SU\ U 2 ) + D 2tT (SU 2 , U 1 ). (3.42) 

The goal is to use bilinear operators C'j )T (-,-) and Z)j iT (-,-), i E {1,2} , to cancel out Qj,t(v)> 
j E {1, 2,3,4}. Effectively speaking, it cancel out (13.391) in the energy estimate. To this end, it would be 
sufficient if symbols c}(-, •) and </}(■. •) of bilinear operators C) :T (-, •) and /) ? ; T (•, •) solve the following 
system of equations, 


M^4(C- 77 , 77 ) - |£- 7 /|Jc 2 (£- 77 , 77 ) - |£|j4(£-?7,0) + 9 i,r(C- 77 , 7 /) = 0 

l£ - 77l*4(C - 77 , 77 ) - M 2 c 2 (C - 77 , 77 ) - If I2d 2 4 - V,V) + 92,t(C - 77 , 77 ) = 0 

lfl 5 4(C- 77 , 77 ) - M*4(C - 77 , 77 ) - - 77 1 24 (C - 77 , 77 ) + q 3 , T (C - 77 , 7 ?) = 0 

, ICI 2 c 2 (C - 77 , 77 ) + |C - 77 I 2 4(C - 77 , 7?) + |?7| 2 44 - 7?, 7?) + 94, T(f - 7?, ??) = 0. 


(3.43) 
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It is not difficult to solve above system of equations and derive the following, 

,i ( , _ X = (4 -v\ + \v\ - 41)44 2+a4 - 7),r})\j - 

V,V} -(le-^l + |r?|-|^|) 2 + 4|e-r ? ||r ? | 

Jitt_ \ (4 + \v\ ~ ICD+MC ~ V,V) ~ 2+i4 ~7,44 - 

^ -(.IZ-vl + M-ltilY + MZ-vM 

„\, t „ ^ _ M 2 44 -v,v) + \£-v\*<$(£-v,v) -Q3 ,t(^~v,v) 

C tIs '/i'/J- l 

41 2 

in- ^ — 1 ^ — ??l^— 77 , 77 ) - |??| 24 ^- 77 , 77 ) -q.'i, r (£ ~ V,V) 

c r(£ - v) = -—1-> 

41 2 

where F\ (f — r], rj) and F 2 (f — ?7> v) are defined as follows, 

F i(t~v,v) = ItfiqiAZ ~ v,v) - \v\^Q3 ,t (4 ~v,v) + 4 - vfiwAt ~ v,v), 
+2<4 - rj,ri) = Itfi&At- r /> r ?) - I? - 4^93 ,t(4 ~v,v) + M^4,r(4 ~ V,v)- 


(3.44) 

(3.45) 

(3.46) 

(3.47) 


Lemma 3.4. The following estimate holds for i € {1,2}, 


A~V, 


,* a + 1144-^.411$^ < 


2 k2 ifk 2 <k 1 + 5 

2 fci/2+fc 2 /2 [fk 1 <k 2 -5. 


(3.48) 


Proof Recall (13.441 ). (13.451 ). (13.461) and 11.441 ). From (13. 401 ). Lemma [2~4l and (12.61 ) in Lemma [231 our 
desired estimate (13 .48b follows straightforwardly. □ 


Recall (13.301) and (13.331) . From (13.411) and (13.421) . after substituting SU l by Wj jT , i € {1, 2}, we can 
derive the equations satisfied by W\ )T andll^.r with good structures as follows, 

d t w hT - \vfiw 2 ,r = nf {w 1>T , U 2 ) + jQf (W 2 ,r, u 1 ) - QiAW h Ti u 2 ) - Q 2 , r (IIV, U 1 ) 


- T A > 2[v] d x W liT + T a ^ [o] \V\Av 2 .t + QI + Q 1 + GC 1 + Wi, (3.49) 

d t W 2 ,r + |V|3^i, t = QliW^U 1 ) +Q.§(W 2 ,r,U 2 ) - Q 3 ,r(Wi lT , 17 1 ) - Q 4 ,r(l+2,r,t/ 2 ) 

- T A > 2[v] dxW 2l T - T A > a[a] |V|5Wi, T + Of + Q 2 + GC 2 + JKa, (3-50) 

where 

GCi = TvdACiASU 1 , U 1 ) + C 2 ASU 2 , U 2 )) - T a \V\^[D ljT (SU\ U 2 ) 

+D 2:T (SU 2 , U 1 )} - CtATydxSU 1 , U 1 ) + <5 1>r (T Q |V|W 2 , U 1 ) 
-C 2 AT V d x SU 2 ,U 2 )-C 2 ATaM^SU\U 2 ), 

GC 2 = T v d x [D 1}T (SU\ U 2 ) + D 2)T (SU 2 , U 1 )} + Tnlvfi&ASU 1 , U l ) 

+C 2 ASU 2 , U 2 )\ - D hT (T v d x SU\ U 2 ) + D hT {T a \V\^SU 2 , U 2 ) 
-b 2 ^ T {T v d x SU 2 ,U l ) - D 2)T (T a \V\^SU\U l ). 

To improve presentation, we postpone the formulas of 9xi and %K 2 to the Appendix |A] It’s enough to 
see that they are good cubic and higher remainder terms in the sense that they do not lose derivatives 
at the high frequency part or the low frequency part of SU l and SU 2 . Hence the H Nl,p norm of those 
remainder terms can be estimated straightforwardly in the energy estimate. 
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Similar to what we did in the energy estimate of U 1 and U 2 , we define the high frequency part of the 
modified energy for SU 1 and SU 2 as follows: 

1 


j?S,high( + \ _ 

modi 


?N‘>:= E 

r=p,Ni ' 


\d T x W^ r \ 2 + / %W 1 , T %[E 1 (U 1 ,U 1 ) + E 2 (U 2 ,U 2 )] 


+ d T x W 2ik d T x F(U\U 2 ), (3.51) 

where bilinear forms E^U 1 , U 1 ), E 2 (U 2 , U 2 ) and F(U l . U 2 ) are the normal form transformations, 
which aim to cancel out the commutator terms Q\ and Q-> in (13.341 ) and (13.711) . 

By solving a similar system of equations as in (13.21 ) with Qi(f7 1 , U 2 ) replaced by Q\ and Q 2 (U l , U 1 )+ 
Qs(U 2 , U 2 ) replaced by Q 2 , we can explicitly solve symbols ei(£ — rj, rj), e 2 (£ — rj, rj), and /(£ — 77 , rj) 
of bilinear operators E\(-, ■), E 2 f, •) and F(-, •). Their precise formulas are not so important, hence we 
omit them here. Very similar to the proof of estimate (13.61) in Lemma ITT! the following estimate holds, 






+ II 


< r)max{fci,Ai 2 } 


J k,k-\ ,kn ^ 


(3.52) 


Lemma 3.5, Under the bootstrap smallness assumption (12.281) . we have 


|E T / [|^tf 1 | 2 + |^ 2 | 2 ]|<<& (3.53) 

k= P ,N 0 2 J 


Proof. From (13.481 ) in Lemma 13.41 and the L 2 — L°°-type bilinear estimate (12.71 ) in Lemma 12.31 the 
following estimate holds, 

E ll^vco - su\t)W kT + II V 2 , T (t) - SU 2 (t)\\HT 

r=p,N± 


< \\(SU\SU 2 m\\ H N 1 ,4(U\U 2 )(t)\\ wl < (l + liir^+We?. (3.54) 

From (13.521) . (13.541) . and the L 2 — L°°-type bilinear estimate (12.71 ) in Lemma [231 our desired estimate 
holds as follows, 


-1 S,high 
J modi 


<t)— 


E 

k=p,Ni ' 


\d k x su l \ 2 + \\dlsu 2 \ 2 <(1 + |*|) 


l/2+P0 e 3 


+ ||(5C/ 1 ,5f7 2 )(f)|| ff A 1 , P ||(C/ 1 ,C/ 2 )||^ 1+1 , P (C/ 1 ,C/ 2 )(f)|| wl <eg. 

□ 


From direct computations, we have the following estimate, 


j t rSE(t)+ E 

r=p,N\ ' 


dLSU'dLQg + dlSU 2 dlO. 


E 

i=i, 2,3 


J? 


(3.55) 


Jf = E / d k x W 1 , T d T x [GC 1 + *Hi] + d T x W 2 , T d T x [GC 2 + £K 2 ] - d T x {C^ r {SU\ U 1 ), 

r=p,Ni 

+C 2 ,t(SU 2 , U 2 ))d T x Ql + d T x (D ljT (SU\ U 2 ) + D 2 jT (SU 2 , U^dlQf 
J 2 S = E / OlA^dtW^KlE^, U 1 ) + E 2 (U 2 , U 2 )\ + d T x A> 2 [d t W 2 , T \x 

r=p,Ni 


where 
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d T x F(u\ U 2 ) + 2dZW 1 , k dZ[E 1 (A> 2 [d t U 1 ], U 1 ) + E 2 {A> 2 [d t u 2 ],u 2 )} 

+d T x w 2 , k d T x [F( a> 2 [d t u\u 2 ) + F(u\ a >2 [dt U 2 })], 

Ji= E [ ®xWi,Tdx[—T\> 2 [v]d x W\, T + TA> 3 [ a] |V|5V^ 2)T ] 

r=p,A/i 

T + r A > 2[a] |v|JWi )T ]. 

We remark that the quartic terms that depend on £>f and ®f inside J/ r ] s are resulted from replacing S’t/ 1 
and SU 2 by Wi )T and W^.r respectively. 

Lemma 3.6. Under the bootstrap condition (12.281) . we have the following estimate 

El^ S l<( 1 + t )' 1+2p ° e o- 0-56) 

i —1 

Proof. We first estimate and d/3. From (1A.lib in Lemma lA.21 we have the estimate of H Nl,p 
norm of 93 1 and 93 2 . Similar to the estimate of GC t we did in the proof of Lemma [L3l one can see 
cancellation happens once write GCi on the Fourier side after utilizing the equalities satisfied by normal 
form transformations in (13.43b . Also after utilizing symmetries, we can see cancellations inside . As 
a result, the following estimate holds, 

\Ji\ + l^fl < [||(SE/ 1 ,S17 2 )|| h * 1 ,p + \\(U\ U 2 )W h n 0 , p ] 2 \\{U\U 2 )\\ 2 w3 + (1 + t)~ l+2 ™e 2 

< (1 + t) 1+ " Po eo. 

Next, we proceed to estimate J 2 . Note that the inputs inside bilinear operators E\ (•, •), E 2 (-, •) and 
Ff, •) only depend on (LI 1 . U 2 ). Flence we can always put the input with higher frequency in L 2 to 
avoid losing p derivatives of smallness. As a result, we have 

\M < [||(5C/ 1 ,5C/ 2 )|| hJ v 1 , p + \\(U\U 2 )\\ hNo , p ]\u\U 2 )\\ 2 w3 < (1 + t)- 1+2p °e 2 . 

To sum up, we can see the desired estimate (13.56b holds. □ 

3.3.2. Handling the bulk quadratic terms £}f an d flf. It remains to deal with the quadratic terms £}f 
and Qf. As losing a derivative is not a issue, it is unnecessary to utilize symmetries to see cancellations 
any more. We choose to work in the complex variables setting, which is more convenient in the Fourier 
transform based method. We define 

U = U 1 + iU 2 , SU = SU 1 + iSU 2 , = p/(2i), p € {+, -}. 

From (12.18b . we can write the equations satisfied by U and SU as follows 

d t U + i\V\ 1/2 U = E QnAUnM + A> 3 {d t U], 


d t su + i\v\ 1 / 2 su= E QlA( su )^ u -) + QlA u ^Uu) + A>3[d t su\, 

n,ve{+,-} 

where f + := f and /_:=/. From (12.24b in Lemma [231 it’s easy to see the following estimate holds, 


E KA^-v,v)\\s^ kiM + \\ql^ 

n,ve{+-} 


v,v)\\s 


oo 

k,ki,k2 


+ 




v,v)\\s 


oo 

k,k i,&2 


2 m i n {^i^2}/2+max{Aii,fc2} 


( 3 . 57 ) 
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Recall (13.341) . We can write those problematic cubic terms on the Fourier side and in terms of SU and U 
as follows, 


£ 93c[ / dlSmdlQl + dlSU 2 d T x O. 


r=p,N i 


£ £ Kc[f (SuTp(0(SuTAZ - ri)U K (r,)pfcl(Z - V ,v)dr,d^ 


r=p,N i ^,i/,k6{+,-} 


where 


Note that 


Pp^~v, v) = -CvG + c-pcJte - ri)ri\t - ri\ 1/2 |£| 2t 0{£,~V,v) 


(3.58) 


(3.59) 


| J (SU)^)(SUM£ - v)UMP^ - ^)Vno(( 1 + t) 5/4+3po |£ - V\)dvd£l 

< E E 2 fcl / 2+fc ||P fc [5C/]|| L2 ||P fcl [5C/]||^||P fc 17|| L2 

ki<k —10 2 k l <(l+t) _5 / 4_3 P0 
2 fe l<(l+t)- 5 /4-3p 0 

From above estimate, we can see that the low frequency part already has sufficient decay rate. It is not 
needed to cancel it out. This observation motives us to define the following cubic correction terms with 
time dependent cutoff functions, which only cancel out the case when |£ — 77 1 > (1 + f)~ 5/4 ~ 3p0 , 


(3.60) 


E S J 0 7\t)'-= E E MJ ( SU ),mSU)^-rj)U K (rj)q; : l(t,£ - r,,r,)dr,d£\, (3.61) 

T=p,Ni p t u,K£{+,-} 


where 




Pp,l(t ~ V, ?7)^>o((l + f) 5/4+3p °|e - V\) 


(3.62) 


n\^\ 1 / 2 — v\£ — r/l 1 / 2 — kIt/I 1 / 2 
Note that the following estimate holds for any p, u, k € {+, —}, 

|fI^| 1/2 - - v\ 1/2 - k\v\ 1/2 \0{£ -r/,ri)> (|£ - r/| 1/2 - + j||j 1/2 |)0(g - V,ri) 

> |£ — r/\ 1/2 d(^ — 77 , rf). 

With above estimate, from Lemma [2~4l and (13.591) . the following estimates hold for r €= {p. N\ }, 


P,u,k£{ + ,— } 

E II dtQwfat-ri,' 

p,v, «£{+,—} 

Note that, from (13.631) and (13.641) . the symbols (jp’jAA — r), rj) and dpp,AAt- £ — q, r() now do not contribute 
any smallness when |£ — 77 1 <C r/|. As SU is forced to be putted in L 2 and the symbol can not cover 
the loss of p-derivatives of smallness, there is a potential problem when |£ — r/| is the smallest inside the 
time derivative of E^\t). 



(3.63) 


(3.64) 
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To get around this issue, we will add quartic correction terms to cancel problematic quartic terms 


inside dE 
follows, 


modi 1 (t)/dt. We first identify those problematic quartic terms by calculating dE‘ 


tlT/dt as 


where 


where 


A r a rpS,low li 
A > 4 l fa*'modi \ 


= JRc 


E E 

r=p,N 1 


0K,T I 


E 

,v'&{+,—} 


0 T / / 

^,v' 1 


a>3 [dtisuumsuuz - v)U K (v) 


+(SU) fl (£)A> 2 mSU) u ](Z - v)U K (v) + (SU)^O(SUMZ - r,)A>s[d t U K 


VEl) + {SU)^)(SU)„(^ - rj)U K (ri)d t q^{t,£- ??,??)cM£ 




{SU)^)(SU) U (C - 77)^,(?7 - cr)U u '(a)e T d u . yy (t,£,,ri,a) 


+ UniO( su )A£ ~ v)Up'(v ~ y(t,£,r), a)dcrdr]d£, 


(3.65) 


e T ^(t,C,V,cr) = Y d^l(t^-V,d)PK.[qKp',Ku'(v-(T^)} 

kS{+,—} 

+ q, K,v i,rj- &)P—kW p— K u '(£)-ff)], (3-66) 

A t ’^ r l’ (T )= Y &',?( t ’£- r l,ri-<r)P-K[<£,- K A£>-< r )} ( 3 - 67 ) 

KG{ + ,-} 

and Pfj [f] = / /t . From 113.631) . (13.641 ). (13.571 ). and (12.61 ) in Lemma [2731 the following estimate holds, 


eti(t,Z,r,,<T)\\s~ M3 + \\e T £(t,Z,ri,a 


~ , k,ki ,/e2 ,^3 


< 2^/2+(2r+2) max{Aii,Ai2,fc3} 


(3.68) 


Note that &p'J, is not problematic. There are two types of terms inside 0^: (i) term like ( SU )^(£) 
a > 2 [(dtSU)^]^ — rj)U K {rj), which is quartic and higher. As we can gain half degree of smallness from 
the symbol of A> 2 [(dtSU) u ](£, — 77 ), losing p derivatives in SU is not a issue; (ii) all other terms inside 
0^£. Note that the decay rate of those terms is at least (1 + f)~ 3 / 2+2p0 . The extra gain of (1 + t)~ '/ 2 
can cover the loss of p derivatives in SU. More precisely, we at most lose |£ — q\~ p . Recall that 
£ — r/| > (1 + f) -5 / 4-3 Po i ns ide the support of cut-off function, hence we at most lose (1 + t) 1 P +po , 
which can be covered from the extra gain of (1 + f)” 1 / 2 . 

Recall (13.661) . (13.67b . (13.57b . (13.631 ) and (13.641 ). We know that the new introduced symbols r/ /t jy (-. •) 
and < 7 ^ (■, •) inside e^„(t, 77 , cr), i € {1,2}, contribute half degree of smallness, which is less than or 

equal to the second smallest number among £, £ — 77 , 77 — a, and a. Intuitively speaking, as £ — (£ — 77 + 
77 — cr + cr) = 0 , we know the largest two number are comparable and the half degree of smallness is less 
than the biggest number, hence the second largest. Therefore, it less than or equal to the second smallest 
number. 

As a result, after combining the estimate (13.681) . the following estimate holds, 


^T,l 


- cr )'0fc 3 ( cr )ll^°° + - v)^k 2 (d - ^)V’fc 3 (°')ll<s°° 

< m i n {2 fc / 2 +( 2T + 2 ) ma *{ fel ’ fc2 ’ fe 3} 2 Sm “{ fe ’ fc l,fc2,fc3}/2+(2T-|-2) max{fci,fc 2 ,fc 3 }\ (3 69) 































INFINITE ENERGY SOLUTION OF THE 2D GRAVITY WATER WAVES 


25 


where “Smin{A;, k\, ko , A:.->}”dcnotcs the second smallest number among k, A:]. A' 2 . and k 3 . 

Recall the detail formula of 0^ , v , in (13.651) . By multilinear estimate, we put all SU in L 2 and all 

U in L°°. As a result, the total loss is at most of size |£|~ p |£ — 77 \~ p = 2~ pk ~ pkl . From (13.69b . we can 
see that the loss of 2~ pk ~ pkl can be covered by the symbol if 2 kl > 2 Smm ^ k ’ kl ’ k2 ’ k3 \ 

Recall that, due to the time dependent cutoff function of |£ — rj\ in (13.62b . we have |£ — 77 1 > (1 + 
A)- 5 / 4 -3p°. Again, from (13.69b . we know that the loss can also be covered by the symbol if 2 (1,/2 ' p>k is 
less than 2~ pkl ~ |£ — r]\~ p < (1 + t) x / A+Po . Hence, we can further rule out the case when |£| ~ 2 k < 
(1 + t)- 5 / 6 " 5 p o. 

To sum up, the quartic terms inside ©^ , v , are only problematic if \k — 77 1 is the smallest number 

and not comparable with the second smallest number among £, £ — 77 , 77 — a, and a and |£| ~ 2 k > 

(1 + t)- 5 / 6 -5po_ 

For this problematic scenario, a key observation is that the size of phases in this case is greater than 
the second smallest number instead of the smallest number among £, £ — 77,77 — a, and a. More precisely, 
the following estimate holds, 

|fI£I 1/2 - - fI 1/2 - a i'Iv - - ^Vl 1/2 |^(^ <r)0(€ ~ v, oO0(£ - v, 0 


> min{|^|, |?7 - o-|, |ct|} 1/2 , e {+,-}. (3.70) 

Above estimate and a similar type estimate will be used in the L°° decay estimate part, hence we postpone 
the prove of (13.70b to the end of subsection 14.21 

As the size of phase is not small, we can dividing the phase again to gain another t -1 / 2 decay with the 
price of 2~ Smin { fc ’ fcl ’ fc2 ’ fc3 }/ 2 , which can be covered from the symbol, see (13.69b . This observation motives 
us to define the following quartic correction terms, which cancel out the problematic quartic terms inside 


e: 


Sfw = v £ 

t=p,n l n,u,yy&{+,-} 



(€-v)Un>(r)-cr)U v '(<j) (3.71) 


x ^yy( t ^^ T l^ a ) + ~ °){SU)„(£ - v)U^{r])U ul (a)e T ^. yy (t,^r ]l a)dadr]d^ 

where for i e {1, 2}, 

„ Ti u t , u ,(t,^r],a)e^-r],mm{\a\,\ri-a\,\C\})'ip>0^{l + t) 5 / (i+5po ) 

e u.v:u’A t >Z>V,<r) = 


■T, 2 




fI^I 1 / 2 — u \£ — 77I 1 / 2 — //|?7 — o - ! 1 / 2 — u'lal 1 / 2 


From (13.70b and (13.69b . we can see that the loss from the denominator of e^’* , v , can be covered by the 

size of i £ {1.2}. As a result, from (13.57b . ( 13.66b . (13.67b . (13.63b . (13.64b . Lemma l2~4l and (12.6b in 
Lemma 1231 the following estimate holds, 

S(3.72) 

< (1 _|_ f'j— l2( 2-r +2) m ax{fci,fc2,fc3} (3 73) 

Note that |£| -p |£ — r]\~ p < (1 + t ) 5 / 12+2p0 < (1 + ^) 1 / 2 - 1 OQpo inside the size of support, hence the 
extra gain of t~ l,/2 is sufficient to close the argument. 
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From above discussions, we define the total correction terms for the low frequency part as follows, 


rpS,l0W/,\ j^S,l0Wl 

^modi \ Z ) ^modi 


w+«££*(<)• 


Lemma 3.7. Under the bootstrap assumption (12.281) . we have 


sup 

te[o,T] 


I jjjS,l0W 

I ^modi 


(t)\<e 


2 

0 ) 


(3.74) 

(3.75) 


dE 


S,low 

modi 


C t ) 


dt 


E 

r=p,Ni 


[/ 




2 + 


< 


(1 + t) _1+2po ei. 


(3.76) 


Proof. Recall (13.611) . From (13.631) and the L 2 — L°° type bilinear estimate (12.71) in Lemma [231 the 
following estimate holds, 

\E S J 0 T(t)\ £ \\SU(t)\\ 2 HNl JU(t)\\ w3 £ 2~P k < (1 + t)-V4+io POe 3 < e 2_ (377) 

fcez,2 fc >(i+r)- 5 / 4 - 3 Po 

Recall (13.711) . From (13.721) and the L 2 — L°° — L°° type trilinear estimate (12.81) in Lemma 1231 we have 

\E s JZ\t)\< E E 2-*-»‘(||sc;|| h »„ p + ||f/|| H » 0 , p ) 2 ||c/||^, 

2 fe i>(i+t) _5/4_3p ° 2 fc >(i+t) _5/6_5p ° 


<(1 + t)-V 2 4< e 2. (3.78) 

From (13.771) and (13.781) . we can see the desired estimate (13.751) holds. From (13.601) . (13.721) . (13.731) and 
L 2 — L°° type multilinear estimate in Lemma 1231 the following estimate holds, 

L.H.s.ofGzS» < E E l«ZJI + | E E 

t=p,Ni fi, v,k£{+,-} r=p,N\ 


+ E 


I (SuY^OiSuTAC - v)U K (r,) P ;%(£ - + f) 5/4 + 3 ^ - r/|)« 


< 11^11^,4(1 + t)- l / 2 \\U\\ w3 + lll/H^o, P (1 + t)- (1+2po) ] + (115(711^,, + ||C/||^ 0 , P ) 2 x 

\\U\\ 2 W , + E E ^~ pkl ~ pk {\\^->2[dtSU]\\ H N llP \\SU\\ H N 1 ,p\\U\\^ V 3 

2 fe l>(l+0 _5/4_3p ° 2 fc >(l+0 _5/6_5p ° 


+ ||5[/||^ 1 J|(/|| w2 ||A> 2 [5 t [/]|| w2 )+ X) 2-^||5(/||^ 1 4|[/|| W 3 ||A> 2 [a t [/]|| W 3 

2 fc l>(l+r) -5/4-3p ° 

< (1 + t)~ 1+2po e?. (3.79) 

In above estimate, we used the following fact, which is derived from Sobolev embedding, 

I|A> 2 [^I7]|| w . < ||!7|| k .||[/|| w . < l|E/||V 2 + I0 '"||C||^’’". 

□ 


Combining (13.251) . (13.271) . (13.531) . (13.551) . (13.751) and (13.76b . we can see our desired energy estimate 
(12.301 ) in Proposition (12.61) holds. 
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4. Improved dispersion estimate 

The goal of this section is to derive the sharp L°°-type estimate under the bootstrap assumptions 
(12.281) . hence finish the bootstrap argument. From (12.301 ) in Proposition (12.61) . we have 

sup (1 + t)~ po [IKC/ 1 , U 2 )\\ h n 0 , p + ||<S*(T/ 1 , < e 0 . (4.1) 

te[o,T] 

From the improved energy estimate (14.11 ). we can first rule out the very low frequency case and very high 
frequency case as follows, 

E \\P k {U\U 2 )\\ W N 2 

2 fc <(l+0 -5/3-2p 0 or2 fc >(l+t) 10 / 89 +P0 

< E 2 k / 2+N * k +\\P k (U\U 2 )\\ L 2<(l + t)- 1 / 2 e 0 . (4.2) 

2 fe <(l+0 _5/3_2p 0 or 2 k >(1+r) 10 /8 9 +p° 

To derive the sharp decay estimate for the case when (1 + f)~ 5 / 3 ~ 2 Po < |£| < (1 + io/89+p 0j we use 

the following auxiliary Z-normed space 

\\h\\z ■= lll£l /3 (l + |£| 7 )M£)IUf> P = j ~Po,1 = + 2p 0 , (4.3) 

and the linear decay estimate (14.41) in Lemma [470 To simplify notations, we define A := |V| 1//2 and 
A(£) := |£| 1//2 throughout this section. 

Lemma 4.1. For any t, |t| > 1, k £ Z, e £ (0,1/2] and f £ L 2 (M), the following estimate holds, 

\\e itA P k f\\L°° < |t|-^2 3fe / 4 ||/|| i oc + |t|-( 1 /2+ e /2) 2 (l- e )A:/4 [2 A : || 5 ^| L2 + (4.4) 

Proof. Note that estimate (14.41) is scaling invariant, it is sufficient to prove it for the case when k = 0. 
The proof is very similar to the proof of linear decay estimates in f20li23il24ll . With minor modifications, 
one can rerun the argument used in lf20ll to derive (14.41) with any problems. □ 

The strategy that we will use to get the sharp decay estimate for U 1 and U 2 is as follows: (i) Recall 
0. We first derive the equation satisfied by the normal form transformational and Vf) of U 1 and U 2 , 
which is cubic and higher. Then we show that the decay rates of (U 1 , U' 2 ) and {V\, Vf) are comparable, 
(ii) We prove that the Z-norm of the profile of (Vi, V3) does not grow with respect to time and of size eo- 
Hence V 1 and V 2 decay shaiply from Lemma RTTI As the decay rate of ((/', U 2 ) is same as (Vi, V 2 ), we 
know that U 1 and U 2 also decay shaiply. 

Recall ([3J]). Define V = Pi + i V 2 and S := {(+, +, +), (+, +, -), (+, -)}. As the 

equation satisfied by V is cubic and higher, we can write it as follows, 

(d t + iA)V = £ + (4.5) 

((■l,(-2/3)S5 

where R(t) represents the quintic and higher order terms. Define /(f) := e ll,A V. We use fift, f) to 
abbreviate throughout this section. 

Lemma 4.2. Under the smallness condition (12.281) and the improved energy estimate (14.11) . the following 
estimates hold for t € [0, T], 

II(Vi - U u v 2 - U 2 )(t)\\ W N 2 < (1 + f)- 5 / 8 e 2 , \\V{t)\\ wN2 < (1 + f)- 1 /2 ei) 


(4.6) 
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sup [2 k - /5+7k +\\P k f(t)\\ L2 + 2 k -/ 5 UdJ(Z,t)i’ k {Z)\\ L 2] < (l + f) Po e 0 . (4.7) 

fcGZ 

Proof. From estimate (13.61) . bilinear estimate (12.71) in Lemma [231 and Sobolev embedding, our desired 
estimate (14.61 ) holds as follows, 

\\Ai(U\ U 1 )\\ w n 2 + \\A 2 (U 2 , U 2 )\\ w n 2 + \\B(U\ U 2 )\\ W N 2 
<J22 5k/4+N2k +\\(P< k U 1 ,P< k U 2 )\\ w o\\(P k U 1 ,P k U 2 )\\l / *\\(P k U 1 ,P k U 2 )\\ 1 /? 

2fcl/4+/c+A^2/ci,+ ||p^l|| L4 || P^jj2 | |^oo 

/cEZ ki<k 

< ||(C/ 1 ,C/ 2 )||^ 0 , p ||(C/ 1 ,C/ 2 )||^ 2 < (1 + f)- 5/8 e 2 , 

We also have the following L 2 - type estimate, 

[|3 1 (C/ 1 ,C/ 1 )(t)|| HJ v 0 -i, P + ||3 2 ((7 2 ,[/ 2 )(f)||^ 0 -i, P + \\B{U\U 2 ){t)\\ HNo ^ P 

< m\u 2 )m H ^m\u 2 m\\ W o < (i+f)- (l/2 - po) e 2 , 

which further gives us the following estimate, 

sup sup(l + t)-r°2 k -/ 5+7k +\\P k f(t)\\ L 2 < e 0 . (4.8) 

te[o,T] fcez 

Recall that A(-. ■) is a symmetric bilinear operator, the following estimate holds for fixed k £ Z, 
WPkiSA^U 1 ^ 1 )}]^ < \\P k [A l (SU\U l )]\\ L , + \\P k [A l {U\U 1 )]\\ L 2 

< ]T [||FfcC/ 2 ||L2 ||Ffc 1 (5'C/ 1 )||i,oo \\P k U 1 \\L°°\\Pk 1 {SU 1 )\\ L 2 ~\ 1/2 

ki<k —4 

+2 k \\P k (SU 1 ,U 1 )\\ L 2\\U 1 \\ w0 < Y 2 fcl / 4 2 fc ||P fel (5C/ 1 )|| i2 ||P fc C/ 1 ||^ 2 ||P fc C/ 1 ||^ 

k\<k—4 

+(1 + |i|r 1/2+po e? < (1 + f)" 1/4+2po e 2 < 6 0 . 

Following the same arugment, we can show that 

sup\\P k [SA 2 (U 2 ,U 2 )]\\ L 2 + \\P k [SB(U\U 2 )]\\ L 2 <e 0 . (4.9) 

fcez 

Note that SV(£) = e~ lt ^ 1/2 (tdt — 2^d^ — 2)/(f,£). Flence 

sup sup(l + t)- po 2 k -/ 5 \\(td t - 2£<%)/(f,0^fc(Ollx,a < e 0 . (4.10) 

te[o,T] feez 

From estimate (14.131) in Lemma 1431 L 2 — L°° — L°° type trilinear estimate (12.81) in Lemma 1231 and ( 1 A.9 b 
in Lemma IaTTI the following estimate holds, 

Il^/|| i2 < t Y 2 med ^ fei ^ 2 2 2max ^ fe ^||P min{ fc. } (e _itA /)||Loo||P m e d{ fe i} (e _itA /)||L°°x 

k\ ,k2 iks^Zj 

ll^maxiM/llp + t\\R\\iP Z t\\vm 2 w m\\v\\ip, p < (1 + |t|) po e? < (1 + \t\) po e 0 . 


(4.11) 
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Combining (14.8b . (14.10b and (14.1 lb . it is easy to see the desired estimate (14.7b holds. With minor modifi 
cations, we can also derive the following estimate, 

2 k - /5+Nik \mf(t,t)MmL* < a +tre 0 . 


sup 

(l+ 0 _ 5 / 3 _ 2 p °< 2 ,: <(l+ 0 10/89+P0 


(4.12) 

□ 


From (14.7b and (14.12b . the following estimate holds, 

£ 2 k /* +N * k +[2 k \\djMm L i + WPkfWtf] < (1 + |f|) 1 / 4 _ 2 p °eo. 

(l+t)-5/3-2po < 2 fc <(l+0 10 / 89+P0 

Flence, from above estimate and (14.4b in Lemma 14,1 1 it is sufficient to derive the improved Z-norm 
estimate of / to derive the sharp decay estimate for V. 


4.1. Set-up of the Z-norm estimate. After writing the cubic terms on the Fourier side and do Littlewood- 
Paley decomposition for all inputs, we have 

He itA C m (V^,V^,V^X0 ■■= = i £ !%%%>&$’ 

fel ,fc2,^3EZ 

JRxR 

fkl&V ~ v)fkl{t,cr) dl ldcr, 
where the phase •, •) is defined as follows, 

,i 3 (£, ? 7,<7) = A (£) - U A (£ ~v)~ -a-)- i3 A (cr), (t IU 2 U 3 ) e <S- 

The precise formulas of symbols c 1 ' 1 ’ 1 ' 2 ' 1 ' 3 (•. •), (ti, <- 2 , 13 ) € 5 do not play many roles, it is enough 
to know the estimate of the S°° norm of symbols c tl,t2,t3 (-, •). More precisely, the following lemma 
holds, 


Lemma 4.3. For any [i\. 22 , 13 ) G 5, A;, Ay, k 2 , Ay G Z, the following estimate holds, 

|| c n,t 2 ,t 3 (£ _ r j T j_ cr. <7) ||$°° < 2 med { fcl ’ fe 2 > fe 3 }/ 22 2 max { fe i. fc 2 ,A: 3 } ) 

where mcd{ Ay , A: 2 , Ay } denotes the medium number among k\ , Ay, and Ay . 


(4.13) 


Proof. Recall that U = U, + zU 2 , Ui = U 1 + Ai(t7 1 , U 1 ) + A 2 (C/ 2 , U 2 ), and V 2 = U 2 + B(U\ U 2 ). 

From the Taylor expansion of the Dirichlet-Neumann operator in (12.1b . definitions of V, and * G 
{1, 2}, in (12.16b and (13.1b . we can calculate explicit formulas of c tl,t2,t3 (^ — r], r) — a, cr). Then, we can 
see our desired estimate (14.13b holds after applying the estimate (12.9b in Lemma l2~4l Unfortunately, the 
detail formulas of F 1 ’ 1 ' 2 ' 1 ' 3 (f — r], r/ — a. a) are very tedious. So, in the following, we provide a more 
intuitive “proof”, which explains why our desired estimate (14.13b should hold. 

Note that there are two sources of cubic terms that contribute to the cubic terms inside the equation. (l4.5b . 
satisfied by V. One of them comes from A s [<9/A/i 1 and A-Ad/Uf. The other one comes from .1 1 (AUcA U ] \. U l ), 
A 2 (A 2 [d t U 2 ],U 2 ),B(A 2 [d t U 1 ],U 2 ), a ndB(U\A 2 [d t U 1 ]). 

Our desired estimate (14.13b follows from the following facts: (i) The symbols of cubic terms are all 
homogeneous of degree “5/2” in terms of U 1 and U 2 . Hence to prove (14.13b . we only have to consider 
the case when mcd{ A:,} < max {Ay} — 10. (ii) Cubic terms at most lose “2” derivatives. From (12.17b . 
we know that A^dtUi] and A 3 [dtU 2 \ at most lose one derivative. From (13.6b in Lemma l3Tl and (12.24b 
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in Lemma [231 we know that cubic terms, A\(A 2 [dtU 1 ], U 1 ), ^ 2 (A 2 [<9tL/ 2 ], U 2 ), B(A 2 [dtU 1 ], U 2 ), and 
B(U 1 , A 2 [dtU 1 ]), at most lose two derivatives. To sum up, we know that the size of symbol contributes 
at least half degree smallness of the medium frequency. 

To see why fact (i) holds. Note that the symbols of normal form transformations A\{-, •), •) and 

B(-, •) are all homogeneous of degree “1” and the symbols of quadratic terms A 9 [9/, U 1 ] and A 2 t/ 2 ] 
are all homogeneous of degree “3/2”. Therefore the symbols of all cubic terms that come from the 
normal form transformation are homogeneous of degree “5/2”. Intuitively speaking, the cubic term 
of dtU 1 is either of type d x hd x hd x w or of type i/, : | V|A| V| A| V| A: the cubic term of <9/ U 2 is of type 
\A7\ 1 / 2 (d x 'fd x 'fd x h) or of type \^7\ l / 2 {hd x hd x h). Recall that Ai [f>\ = |V|~ 1 // 2 [7 2 , Ai [h] = U 1 . Nowit 
is easy to see that they are all homogeneous of degree “ 5/2”. 

□ 


Same as in lf23l . to successfully close the argument and see the modified scattering property, we need 
to modified the phase of the profile first. We define 

c*(£,,x,y) :=c + ’ + ’-(£ + x,£,+y,-£-x-y), c(£) := -8tt|£| 3/2 c*(£, 0, 0), (4.14) 


and the modified phase is defined as 

L(f,0:=c(0 g(t,0--=e iL ^f(t,0, 

Jo 1 + s 


(4.15) 


hence 


I/(t,0l s 


le 


,iL(t,£) 


dtg(Z, t ) = ie iL ™> [/+>+- (t, 0 + c(0 l + J t ' fit , 0\ + 
I + ’ +,+ (t,0 + (i,£)l +e iL ^ )+itA ^R(t,0- 


(4.16) 


From (14.161) , we can see that the modified phase is only effective for the cubic term / +,+,_ (t,£), 
which is the only one that has non empty space-time resonance set. 

Now, our main goal is to prove the following proposition. 


Proposition 4.4. Under the bootstrap assumption (12.281) and the following assumption 

sup ||/(*)||z<et, T' € [0,T], (4.17) 

te[o,T'] 

there exist p\ > 0 such that the following estimate holds for any rn £ N and any t,\, £ [2 m_1 ,2 m+1 ] C 

[o ,n 

|||e| 3/4 - po (l + |er a+?p o)(^2,0 -9(tu0)h r < 2- pim e 0 , (4.18) 

Hence, we have T' = T and 

sup \\f(t)\\z= sup \\g(t)\\z < e 0 , sup (1 + t) 1/2 \\V(t) \\ w n 2 < e 0 . (4.19) 

te[0,T] te[0,T] tG[0,T] 

Now we restrict ourself inside the time interval [2 m ~ 1 ,2 m+1 ] C [0, T'] and reformulate estimates 
(14.61) . (14.71) . and (14.171) as follows, 

sup ||P fc /|| L 2 < e 0 2 p ° m 2 _fc_//5_7fc+ , sup \\B(P k m)h r < €^2^+, (4.20) 

fcez fcez ? 

sup I|^/(0^fc(0ll^ £ e 0 2 pom 2- fc -/ 5 , sup \\e- itA P k f\\ L ~ < ei 2~ m / 2 2~ N ^. 


(4.21) 
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Lemma 4.5. For any fceZ and f G L 2 (M), we have 

mnl r < 2-*ll/ll t » [2 k \\6(f\\ L * + ll/IM ■ (4.22) 

Proof. The proof is standard. The desired estimate (14.221) is scale invariant, we only have to prove it for 
the case when k = 0, which follows from the Cauchy-Schwartz inequality directly. Or one can find the 
detailed proof in I23ll24l . □ 

From estimate (14.22b in Lemma l431 the following estimates hold when |£| < ‘l 2lp ° m Q r |£| > 2 20po ' n , 

sup ||^| 3/4 " P0 (1 + \£\ N2+2po )g(t,£,)\ 

l?l<2 _21p 0 m or|£|>2 20p 0 m 

sup \\tf /A - p °(l + \^ +2PO )f(t,0\< sup eo2 ( 1 /4-po)fc-fc/5 2PO m 

l£l<2 _21p 0 m or|f|>2 20p 0 m k<—21pom 

+ sup eo 2( 1 / 4+Ar2+Po ) fc_ ( JVo_1 ) fc / 2 2 p ° m < eo2 _p ° m . 

k>20pom 

Hence, to prove (14.18b . it remains to consider the case when 2 21 do"' < |£| < 2 20p ° m . For this 
case, we need to use the equation satisfied by the modified profile Recall (14.16b . we have the 

following identity, 

E E J kSX + f 2 e iLM+i,Am R(t,t)dt, 

fcl,fc2,fe3SZ (ti,t2,(.3)S<S 


J, 


k\,k 2 ,kz 


■■= / b « aw) ks:*, (*.«+%) 

J t-\ 


fkx {t,0fk 3 (t,~0 
1 + t 


fk 2 (t,0\ ds, 


TO 


■■= f ’ 

J t\ 


kitoto^' 0 - 1 , * 2 , o) € {(+, +, +), (+, —), (—, —, —)}. 


The argument naturally splits into two parts : Z-norm estimate for the cubic terms and Z-norm esti¬ 
mate for the remainder term. 


4.2. Z-norm estimate for the cubic terms. The goal of this subsection is to prove the following propo¬ 
sition, 

Proposition 4.6. For f i, t 2 € [2 m ~\2 m+1 ] C [0,T'], |£| := 2 k G [2- 21p ° m , 2 20p ° m ], the following 
estimates hold under the bootstrap assumptions (12.28b and (14.17b . 

E E H4IJ“,*(f)ll^ 2 "’’ om 4 (4.23) 

k\,k 2 ,kz£L (o,t2,(3)sS 

Lemma 4.7. Under the assumptions in Proposition 14.61 the following estimate holds if k\ , ky , A:;; € 
[k — I0,k + 10], 

ii < 2 - 2 » 


(4.24) 
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Proof. The idea of proof is very similar to the proof of l20ll I Lemma 6.4]. Because the setting of function 
spaces is changed, and also for self-completeness, we still give a detailed proof here. 

We first do change of variables to transform (£ — 77,77 — cr, a) into (£ + 77 , £ + a, — £ — 77 — 0 -), hence 
near the critical point (£,£,—£) ( corresponds to the space-time resonance set), ( 77 , a) = (0,0). After 
changing of variables, we decompose I k ^'~ k3 (t- £) as follows, 

fc+10 

^’^ 3 (^ 0 = X] 42 (*>£)> i= -(! - 100po)m/2 + 3A:/4, (4.25) 

h,h=l 

where 

J h,12^0= [ e lt ^' v ^ ) f kl (t 1 ^ + ?j)f k2 (t,^ + a)J k3 (t,-C-r]-a) 

Jr 2 

c*(f, P, a)^ (v)ipi 2 (cr)dr]da, 

where c*(-, •, •) is defined in ( 14.14b . the phase 4>(£, 7/, a) is defined as follows, 

$(£, 77 , cr) := A(f) - A(£ + 7 /) - A(£ + 0 -) + A(—£ - 77 - cr), 
and the cutoff function t /;! 1 (•) i s defined as follows, 


1 V><h(6 if/ 2 = it. 


Case 1: We first consider the case when I 2 > rnax{/|, l + 1}. For this case, we have 

\d v mv,<r)\A(P) = l A '(£ + V + *) ~ A '(£ + Z 2^2- 3fc /2. 

After integrating by parts in 77 , we can derive the following: 

l4,fc(‘.QI<2-’"[|J 1 1 lii2 (t,ai + |J, 2 I , fa (‘.QI]], 

where 

= f Tki(t, £ + r))fk 2 (t, £ + cr)7 fe3 (f, —£ — 77 — a)d v ri(^, 77 , u) dr\da 

ti 2 


(4.26) 

(4.27) 


J, 


,/ 2 (£,s) = [ + r])f k3 (t,-£ - r] - a))f k2 (t,£ + a)n(£,r],a)drida, 

JR 2 


where 


n(£,r 7 , cr) := 


c*(^, 77 ,( 7 )^ (??)^ 2 ((t). 

^$(£, 77 , 0 -) 


From Lemma 1231 (14.13b in Lemma 1431 and (14.26b . the following estimate holds, 

lln(e,77,< 7 )^( 0115 - <2- /2+4fc , Wn&Vi^MOWs- < 2 -^-^+ 4fc + 2 -^+ 3fe . (4.28) 

Therefore, from (14.28b and the L 2 — L 2 — L°° type trilinear estimate (12.8b in Lemma [231 the following 
estimates hold, 

O,;,fe(t.{)l < (2- fe - i '2 4 ‘ + 2-‘>«*)»£((,« + ,WiMlly ||/ fa (t,5 + <r)d 2 Mlli* 

x||e _i “n ! ,/|U» £ ( 2 -'!-' 1 2" + 2- fa+ “)2(' I+fc >/ 2 ||/ l .(t,g|||„2-’”/ 2 - ,V2, ‘+ei 

< 9 —50po m £ 3o— 6 fc+ 

~ Z fc l Z 5 
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< E 2 - i 2 + 4 fc ||^ 7 (e )S )^( 0 ||L 2 ||^/l|L 2 ||e^ A P fc2 /|Uoo 

< 2 — L—m/2+2po^2(3 — ^ 2p)k— (N 2 +N 0 — l)fc+^3 < 2 — 50po")2 — 6fc+g3 

To sum up, we have 

1^,12(4,01 £ e?2-( 1+50 ^) m 2- 6fe +. (4.29) 

The symmetric case when l\ > max {/a, 1} can be handled very similarly. 

Case 2: It remains to consider the case when h = I 2 = l- For this case, note that the following estimate 
holds, 


Kr,r(00 +- r~n ---1 - l J il + m2 1 + II 3 I, 


t + 1 


(4.30) 


where 


23 = 


To = 


Ts = 


{e u *^ - e -^W(4|^| 3/2 ))f ki (t,£ + r,)f k2 (t,£ + a) 

x/fc 3 (4, -C - V - c)c*(f, 77 , a)^\(ri)il}j(a) dyda 
-it V a/( 4|^| 3/ -) [J fci £ + 7] )f k2 (t , £ + a)J k3 (t,-£-n- a)c* (£, 77 , a) - 

Ik 1 (4,0/fc 2 (*, 07fcs (4> ~C) c * (0 0, 0)] V’[(0'4( cr ) dr/do-, 

lsl?<T /(4' ? ' 3/2 )/fci (4, 0 /fe (4,07fc3 (4: “ 0 C *(0 0 ,0)^f(»7)^|(<r) d??dcT+ 

c(0/fci (4 ,0 fk2 (4,07fcs (4, -0 


t + 1 


Note that. 


$(0»7,<0 + 


l~jO 


4iei 3 / 2 


< 2- 5fc / 2 (|r ? | + |rx|) 3 . 


Hence, after using estimate (14.13b in Lemma l4~3l and the size of support of 77 and < 7 , the following estimate 
holds, 

| Xi | < < ^ 2 — 6 fc+ — (3—lOOOpoW/S < ^ 9 — 6 fc+ 2 ~(l+50po)>Ti (4 31) 

Note that 

|7z(C + P,s) - .MOs)| |c*( 0»7,0 - c*(OO,O)|V’[(r?)'0f( 0 ') ~ 2 3fc / 2 2 z . 

From above estimates, the following estimate holds after using estimate (14. 13b in Lemma 14.31 and the 
size of support of 77 and <7, 

|X 2 | < 2~ k -/ 5 2 5 ^ 2 ~ 2N2k++k el + 2 3 fc / 2 - 9 fc/ 4 + 3 Z“- 3 A r 2 fc +e 3 < e 32 - 6 fc+-(l+ 50 po)m 

We proceed to estimate X 3 . Note the fact (see also fTQ) that 


'RxR 


e- ixy $(x/N)$(y/N)dxdy = 2 vr + ©((V" 1 / 2 ). 


(4.32) 

(4.33) 


Through scaling, the following estimate holds from (14.33b . 


/ 

4R- 


3 -i S W(4|«| 3 / 2 )^ r? )^[( a ) dr?d(7 _ ^E (27r) 


< 2-(H-25po)m2 3fc / 2 


(4.34) 
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which further gives us 

1< fiftk/4— 3A r 2fe+2 — (l+25po)™ < g^2 — ®^+2 — (t+25po)m (4 35) 

To sum up, from (14.311) . (14.321 ) and (14.351 ). the following estimate holds, 

(g~30P < e 3 2 -(i+25po)m 2 -6fc +> 

Therefore finishing the proof. □ 

Now, it remains to consider the case when ki [fc — 10, k + 10] for some i G {1, 2, 3}. Therefore the 
term (t, C)fk 3 (*> ~0fk 2 (*> vanishes. From now on, we can drop this term inside J^~k^~k 3 - 

Lemma 4.8. For any (i\, k>, ki ) € S, we have the following rough estimates: 

/» £\i 2 m i n {^i}/423med{/ci}/4—7V2med{/ci}+2^ max {^i}/4—A^2 max{fci}+ 3 ('4 35') 

' ki,k2,k3'i ^ c l’ ^ ' 

l4::S*(‘.«)IS2“» 1 ( l <l /2 2 2 ““ft>|| e -<* A P m ^ ti( /|U»||P^ tfe) /|| 12 ||P mlx{ti( /|| 11 . (4.37) 

Proof. From (14.131 ) in Lemma 1431 the desired estimate (14.361 ) follows straightforwardly after putting all 
inputs into the Z-normed space. From (14.131 ) in Lemma l4~3l and if — L°° — L°° type trilinear estimate 
(12.81) in Lemma 1231 (14.371) holds straightforwardly. □ 

Recall that 2 _21pom < |£| < 2 20pom . From ( 14.361) and (14.371) . the following estimate holds when 
medjfcj} < —(1 + 100po)rrr or minjfej} < —4(1 + 100po)ur or maxj&j} > (1 + 100po)m/5, 

sup ||e| 3/4 - po (l + (4.38) 

te[ 2™~ 1 ,2™+ 1 ] 

which is sufficient for most of cases in our desired estimate (14.231) . Therefore, it is sufficient to consider 
fixed fci, A) 2 , and k:>, in the following range: 

— (1 + 100po)ur < medjfcj} < maxjfcj} < (1 + 100po)m/5, min{fcj} > —4(1 + 100po)m. (4.39) 


Lemma 4.9. If k \. k- 2 , k% satisfies the estimate (14.391) and one of the following two conditions is satisfied: 
max{|fci — k |, |&2 — k |, |At 3 — k\} > 20, medjfcj} — min {A,;} < 10, 
max{|fci — k\, \k 2 — k\, \k^ — k\} > 20, min{Aj} > —(5/7 — 1000po)ui, 
then the following estimate holds, 

sup ||£| 3/4 —p°(i + \Z\) N2+2po l£i’~ k3 (t,0\ £ e?2-( 1+p °) m . (4.40) 

te[2 m - 1 ,2 rn + 1 } ’ ' 

Proof Case 1: We first consider the case when rnax{|Ai — /,■.■>|, | k^ — k ?,|} > 5 and min{A,} > 
— (5/7 — 1000po)ur. Note that 

dr 1 $ = A'(£ + rj + a) - A'(£ + rj), <9 CT 4>(£, V, cr) = A'(f + t? + a) - A'(£ + a). 

From symmetry and without loss of generality, we assume that | k\ — kfi > 5. Hence 

|3,$(£, 77 ,( 7 )] = |A'(£ + 7 ?) - A'(£ + 77 + ( 7)1 > 2 - m Mfei,fc 3 }/ 2 _ (4 . 41) 

After integration by parts in 77 , we can derive the following estimate: 

I^i’,fc2,fe 3 (*>^)l ~ (I^fcl,fe2,fe 3 l + \'fki,k 2 ,k 3 \) ) 

Jk u k2,k 3 := 7 [ e tt *^’ v ' ff) fk 1 (t,£ + y)fto(t,Z + <T)fk 3 (ti-Z-'n-°)d T ,r2(Z,ri,<T)drida 

1 JR 2 


(4.42) 
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• = 

k\ ,A?2 ,^3 * 

where 


[ e lt ^’V,°)d v (/+ (t, £ + v )f (t, -Z-r)- a)) (t, £ + a)r 2 ( £, r?, a)drjda, 

J R 2 

c* (£, V, c’OV’fci (£ + d)^k 2 (£ + < 7)^3 (C + V + cr) 


r2(€,V,°) = 


From (14.411 ). (14. 13b in Lemma l4~3l and Lcinma [2~4l the following estimates hold, 

||r9(£,fy, cr)||s°o < 2 min 't fel ’ fe3 }/ 2 2 med 'f fcl,fc2,fe3 ^ //2 2 2max 'f fcl ’ fc2 ’ fe3 ^, (4-43) 

\\d v r 2{^,ri,a)\\soo < 2 _min 't fel ’ fe3 ^/ 2 2 med 'f fel ’ fc2 ’ fc3 ^/ 2 2 2max 'f A;i ’ A;2 ’ fc3 ^. (4.44) 

Therefore, from (14.431 ). (14.441 ) and L 2 — L 2 — L°° type trilinear estimate (12.81 ) in Lemma [23l the following 
estimates hold, 

\<^ki,k 2 ,k 3 \ ~ 2 - min{fc i }/2 + med{fc i }/2 + 2max{fe i } 2 _m ||e _isA P min /|| Z/ oo ||P med /||^2 ||-P m ax/||L 2 

< g 322max{fei}2—(l+100po)^2 —4max ’t^ 1, ^ 2, ^ 3 }+ < ef2~ ( 1 + 100 po)to (4 45) 

2 I < 2 -m 2 min { fcl ’ fc 3 }/ 2 2 med { fcl ’ fc 2 ’ fc 3 }/ 2 2 2 ma x{ fcl ’ fe2 ’ fc3 } (||<9g/(£, s)lpki (C) Hz , 2 


\^kl,k 2 ,kz I ^ 


xlliL 


{fc 2 ,fc 3 }/llL 2 l|e * sA F > m in{^ 2 ^sj/ll/, 00 + ||d£/(£,s)t/> fc3 (£)|| L 2||e 


—isA 7 




xllPmaxifcLtej/IU 2 ) ~ ef2- 7min -t fci >/ 10 2- 3m / 2 + e 3 2 - 3 W 2 2 3max { fc i}+/ 2 < e 3 2 -(l+100po)m 
From above estimates. (14.421) and the fact that |£| < 2 20/ " |Tn , the following estimate holds, 

11£|3/4— po (]_ + \t\) N2+2po I+;+’~ k3 (t,0\ < 2-( 1+10 °)w m + 8 °P° m e 3 < 2-( 1 +w) m e 3 . (4.46) 


Therefore, finishing the proof. We remark that when \k 2 — k%\ > 5, we can do integration by parts with 
respect to a and the argument is very similar. 

Case 2: Now we proceed to consider the case when max{ | k\ — |, | k 2 — A's |} < 5 and min > 

— (5/7—lOOOpo)^- Recall that max{|fci — k\, \k 2 — k\, |A )3 — &|} > 20, hence min{&i, k 2 , k%} > fe + 10. 
As a result, the following estimate holds, 


1C + v\ ~ |£ + <r\ ~ |£ + a- + v\ ~ 2 fcl ,|e| ~ 2 k => |r?| ~ |<r| ~ 2 fcl , (4.47) 

| d v ^, V ,a)\ = lA'^ + ^-A'^ + r/Ta)! >2- fcl / 2 ~2- min { fcl ’ fc3 >/ 2 . (4.48) 

Note that estimate (14.481) if of same type as (14.411 ). Hence the argument used in Case 1 can be applied to 
this case. We can use integration by parts in “ 77 ” to derive our desired estimate (14.461 ). 

Case 3: For the case when mcd{} — min{ky} < 10, we can use the same method used in Case 1 

and Case 2. After integration by parts in rj or a, the loss of 2 ~ imn {Li 7 2 can |-, c covered by 2 mL ' d { /i 'T / 2 

from the symbol. As a result, the following estimate holds, 

£\ I < f^2 ~^ m /2 1 f^2~ max{/ci}_|_/2 < 32“(21—1000po) m /20 

where we used the fact that med{fcj} > — (1 + 100po)™ and max{ky} < (1 + 100po)m/5, see (14.391) . 

□ 


Lemma 4.10. If k \, k 2 , k% satisfies the estimate (14.391) and the following condition holds, 
max{|fci — k\, | k 2 — k\, \k^ — k\} > 20, min{fcj} < —(5/7 — lOOOpo)^,med{ky} — minjfcj} > 10, 
then the following estimate holds, 


| e |3/4-2p 0(1 + | e| iV 2+ 2po ) r t2 e i L (t£) [ 4 +,+,-^ )]dt < 2 -P0m e 3 

J tl 


(4.49) 
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Proof. Define k = min{/,:. mcd{A: ; }}. Recall that —‘llp^rn < k < ‘lOpyrn and min {A:,} < —(5/7 — 
lOOOpo)^- Hence min{fci, k 2 , k 3 } is much smaller than k. As med{fcj} — min{fcj} > 10, we could 
see that the smallest number among k, k \. k 2 , k 3 , which is min }, is much smaller than the second 
smallest number, which is k. As mentioned before, a very important observation for this case is that the 
size of phase <f>(£, 77 , 77 ) is determined by the second smallest number instead of the smallest number. 
More precisely, the following estimate holds, 

MZ,V,v)\ >2" /2 . (4.50) 

To improve presentation, we postpone the proof of (14.501) to the end of this subsection. We can take it as 
granted first. 

To prove (14.491 ). we will integrate by parts in time. Hence, after integration by parts in time, we have 

rt2 e^il^-^s^ds < \B 1 (ti,£)| + \B 2 (t 2 ,t)\ + |Ti(0| + |T 2 (0|, 


/' 
J u 


where for i € {1,2}, 


= f f kl (£ + r),ti)f k2 (£ + <j,U)f k3 (-£ - r] - a,ti)r 3 (£,,r],a)drida, 

J R 2 

Ti(o = r [ 

Ju -j K ; 


e it*(S,ri,a)+iL(t,Z)d tL (t : £)f ki (t : £ + r))fk 2 {t, £ + a)f k3 (t, —^ — 77 — cr) 
xr 3 (£,, T h cr)dr]dadt, 

= r l -z-v - fj )) 

w n- \ j j ^ c*(C,V,^k 1 (^ + v)^k 2 (C + ^k 3 (C + V + ^) 

xr"3(^, 77, ajdpdadt, 7-3 (£,77,77) = - — -r-. 

From (14.501 ). Lemma [231 and (14.131) in Lemma 1431 the following estimates hold, 

ll r 3(C,7, cr )l|5°° < 2 med 'f fei ^/ 2+2max 'f fc ^ _ ^ 2 < 2 5max ( fc H/ 2 + 11 Pom_ (4.51) 

From (14.511 ). the L 2 — L 2 — L°° type trilinear estimate (12.81 ) in Lemma [231 and the fact that mcd{ k t } > 
— (1 + 100po)m, the following estimate holds, 

\Bi(U,£)\ < 2 5max ^ fci ^ 2+llpom ||e _itiA P min{ fc. } /||z / oo||P med{A ,. } /|| i 2||P max { fc .j./|| i 2 

< 2~ me d{L}/5+23max{fci}/10—4max{fc;}+ —m /2+Hpo m g3 < ff2 ~(^ — 1000po) m /10 74 52) 

Recall (14.151 ). From (14.131) in Lemma 1431 the following estimate holds, 

\d t L(t,OMC)\ < 2- ra |e| 4 ||/(t,0^(0lli r < 2~ m+ik+ e 2 < 2 _ ( 1_100p °) m e 0 . (4.53) 

From (14.531) . (14.511) . and the L 2 — L 2 — L°° type trilinear estimate (12.81) in Lemma 1231 the following 
estimate holds, 

1^(01 <eo2 m - (1 - lllpo)m+5max{fcl}/2 ||e- itA P min /|| L o 0 ||P med /|| i2 ||P max /||^ 

< g32lllpo m — m /2— me d{fci}/5 < 2~(3—1000po)m/10^3 

Again, here we used the fact that mcd{/,:/} > — (1 + 100po)m. 


(4.54) 
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To estimate T-iif), we put the input (f f ^ and the input with the smallest frequency in L 2 and the other 
one in L°°. More precisely, from (14.5 II) and the L 2 — L 2 — L°° type trilinear estimate (12.81) in Lemma 
12.31 the following estimate holds, 

ir2(0i < E 2’” +5 ”“ lfel/2+llp "’”ii««/(‘.o*,({)iii»iip„«( t „ J t}/iii> 

{Z,m,n}={l,2,3} 


X \\e- itA P min{krn , kn} f\\ L oo < e 5 2 -(3-iooo PO ) m /io. ( 4. 55) 

To sum up, our desire estimate (14.491) holds. □ 

It remains to prove (14.231) for the case when (ti, £< 2 , £ 3 ) £ {(+,+,+),(+,—,—), and 

k\ , A: 2 and k:>, satisfy (14.391) . An important observation is that we have the following weak ellipticity 
estimate for phases <f>+’+,+ : 

£ i^ i - t2 ’ t3 (e 1 ,6,6)^fc 1 (e 1 )^fc a (e2)V’fc 3 (6)i > 2 med{fc * } / 2 . (4.56) 


Hence, after doing integration by parts in time, the loss of 2 _med { fci }/ 2 can be covered by the size of the 
symbol, see (14.391 ) in Lemma 14.31 Similar to the argument we used in the proof of Lemma 14.101 with 
minor modifications, one can show the desired estimate (14.231) holds without any problems. 

Proof of ( 14.501 ) and ( 14.561 ). Without loss of generality, we assume that |£| > |£ — q\ > \q — rr| > \o\. 
As a result, we have \q\ < 2|£ — r/| and £77 > 0, which further gives us \q\ < 2|£|/3 or q = 2£. Recall 
that A(£) := l^l 1 / 2 . Note that, the following estimate holds, 


|A(0-A(e-r?)| = 


When (ti, t 2 , 13 ) € {(+, +, +), (+, —, —), (— 


\t\-\Z-v\ 

Kl^ + I C-v \ 1/2 




(4.57) 


from (14.571 ), the following estimate holds, 


|<f >tl ’ t2 ’ t3 (£, r), o)i> kl (£ - q)'ipk 2 id - (J)ipk 3 (o’) | 


> |A(t7 - <t)| + |A(<t)| - |A(£) - A(£ - 77)| > max{|77 - a| 1/2 , |a| 1/2 }. 

Therefore desired estimate (14.561 ) holds. To prove (14.501) . we have another assumption, which is |cr| < 
2 10 \q — a\. As a result, we have A(|r/ — cr|) — A(|cr|) > (1 — 2 -5 )| rj — cr|- 1 / 2 > (1 — 2 — 5 ) 2 1?7| 1 / 2 . Hence, 
from (14.571) . the following estimate holds, 

| 4 >+ ’ + ’-(£, 77, oOVTc! (£ — — cr )Vw 3 (cr)I > |A(77 — cr)| - |A(cr)| 


-|A(0 - A(£ - 77)| >\q~ o-| 1/2 ~ max {|?7 - cr] 1 / 2 , |ct| 1/2 }. 

Therefore, finishing the proof of (14.501) . 


□ 


4.3. Z-norm estimate of the remainder term. 


Lemma 4.11. Under the bootstrap assumptions (12.281) and (14.171) . the following estimate holds for k E 
[— 2lpom, 20pom], 

sup || f 2 e iL ^ +itA ^R(t,0M0dt\\z < 2~( 1+ ^ m el 
tG[2 m “ 1 ,2 m + 1 ] Jt 1 


(4.58) 
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Proof. From (14.22b in Lemma [4~5l (I A. 91 ) in Lemma lATl and (1A. 1 21 ) in Lemma lAl2l we have the following 
estimate, 


sup 

ti,t2e\2 rn ~ 1 ,2 m + 1 } Jt x 


< 


sup 


[ t2 e iL ^ +itA ^R(t,OMOdt\\ 
Jt i 


1 

2 

L 2 


(4.59) 


(e[2"‘- 1 ,2™+ 1 ] 

/ <2 + 2^(||5' J P A: [ J R(i)]|| i2 + ||P fc P(t)|| L2 ) 

Jt i 

< 2 _m / 2+220p ° m eQ + 2“ m / 4 + 20 Po m || f t2 ^(e ii(t ’ ?)+ ^ A( ^P(f,0)V'fc(0^lli / 2 2 . 

Jti 

Note that, in above estimate, we used the following fact, 

sup ||(tdt - 2£ • dt)e iL M\\ Lr < 2 P° m el 

te[ 2"‘- 1 ,2 m + 1 ] 4 

which follows from the definition of L(t, £) in (14.15b . 

After integration by parts in time, from (IA.9b in Lemma fA. 1 1 it is easy to see the following estimate 
holds, 

|| f t 2 tdt(e^^m(t, 0 )M 0 dt\\ L 2 < sup 2 m ||P fc (P)(f)|| i2 

Jt i te f2 m - 1 ,2 m + 1 l 


<• r)—m/2+200pom 2 

A; z e o- 


(4.60) 


Combining (14.59b and (14.60b . it is easy to see our desired estimate (14.58b holds. Hence finishing the 
proof. □ 


Appendix A. Remainder Estimates 

A. 1. Explicit formulas of remainder terms. In this subsection, we give all detail formulas for all good 
remainder terms that are postponed in section [3] and section [4] 

The detail formulas of 1Z\ and TZ 2 in the system (12.17b are given as follows, 


Pi = |V| l ' 2 T a U 2 - T a |V| 1 ^ 2 £/ 2 - T^T v d x h + TydxT^h + T^F{h)f>, (A.l) 

P 2 = |V| 1 /2 (T a h) - - |V| l ' 2 T v d x u + T v 8 x \V\ 1/2 uj 

- T vdx hB + T v T dxh B - TyTg xB h + T V g xB h - -Rb(V, V ) - Rb(V, d x h ) - - R b (B, B ), (A.2) 

where bilinear operator Pg(-, ■) is defined in (12.3b . the Taylor coefficient a is defined in (12.1 lb . a = 
yfa — 1, and uj is the good unknown variable, which is defined in (12.12b . 

The detailed formulas of 1Z\ and 1Z 2 inside the system (13 .20b are given as follows, 

Pi = Qi(MU\ U 1 ) + A 2 (U 2 , U 2 ), U 2 ) + Qi(U l , BiU 1 , U 2 )) 

+2 MRuU 1 ) + 21 2 (P 2 , U 2 ) - A 2 [Pi }{U\B{U\ U 2 )) 

- + A 2 (u 2 ,u 2 ), u 2 ) + a> 3 [P!], (a.3) 

p 2 = CMAfuKU 1 ) +~A 2 (U 2 ,U 2 ),U 1 ) + Q 2 (U\MU 1 ,U 1 ) + A 2 (U 2 ,U 2 )) 

+q 3 (u 2 ,b{u 1 , U 2 )) + Q 3 (B(U\ u 2 ), u 2 ) + p(Pi, U 2 ) + B{u\n 2 ) + a> 3 [p 2 ] 
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-A 2 [TZ 2 \(A 1 (U\U 1 ) + A 2 {B 2 , U 2 ), U 1 ) - A 2 [n 2 ](U\A 1 {U\ B 1 ) + A 2 (B 2 , U 2 )) 

- A 2 [K 2 ](B(U\U 2 ), U 2 ) - A 2 [K 2 ](U 2 , B(B\B 2 )). (A.4) 

The detailed formula of 9ii and 9\ 2 in (13.491 ) and (13.501) are given as follows, 

Ml = C 1 , T (n!,U 2 ) + C 2 AKl,U 1 ) + C 1 , T (SU 1 ,A> 2 [d t U 2 }) + C 2 ,r(SU 2 ,A> 2 [d t U 1 }) 

+ A> 3 [ftf] - 0? (W 1>T - SB 1 , SB 2 ) - Qf (SB 1 , W 2 , T - SB 2 ), (A.5) 

942 = C 3tT (nf,U 1 ) + C 4tT (ni,U 2 ) + C 3jT (SU 1 ,A> 2 [d t U 1 ]) + C 4}T (SU 2 ,A> 2 [d t U 2 ]) 

+ A> 3 [72.f] - nf (Wi, T - SU\ SU 2 ) - Q§ (SB 1 , W 2 , r - SB 2 ), (A.6) 

where the detail formulas of 7Zf and 1Z 2 are given in (13.3 1 b and (13.321 ). 

At last, we give the detail formula for the remainder term R(t) in (14.51 ). Recall (12.181) and the fact that 
R(t) is quintic and higher. The following identity holds, 

R(t) =A> 4 [C 1 +R l ] + zA>4 [C 2 + n 2 ] + 2A, (Cl +A> 3 [K l ],B 1 ) 

+ 2 A 2 (C 2 + A> 3 [U 2 ],B 2 ) + iB(C x + B 2 ) + iB(B 1 ,C 2 + A> 3 [R 2 }). (A.7) 

A.2. L 2 type estimate of remainder terms. From the detailed formulas of remainder terms in sub¬ 
section IA.11 it is easy to see that it would be sufficient to successfully estimate the L 2 type norms of 
remainder terms if we have necessary ingredients, which are the following, (i) L? and L°° type estimates 
of the nontrivial part of Dirichlet-Neumann operator B(h)ip and SB(h)ip, (ii) L 2 type estimate of the 
remainder term of paralinearization F(h)ip and SF(h)iA (iii) L 2 and L°° type estimates of the Taylor 
coefficient a, Sa, dta, and Sdta. Those necessary ingredients will be discussed in details in Appendix iBl 
and Appendix [Cl 

Lemma A.l. Bnder the bootstrap assumption ( 12.281 ). we have following estimates for the remainder 
terms, 

sup (1 + f) 1_Po (||A> 3 [7^i]|| H iv 0 ,p + ||A> 3 [7^2 ]||_h-jv 0 ,p + \\1Zi\\ h n 0 , p + \\TZ 2 \\ h n 0}P ) < £q (A.8 ) 

te[o,T] 

sup 2 3m / 2-200 P° m ||i?(i)|| i2 < 6 q. (A.9) 

Proof Recall the detailed formulas of '1Z\ and 1Z 2 in dA.ll ) and (IA.2I ). From (IC.2I ) in Lemma ICT1 esti¬ 
mates in Lemma IC7l and estimates in Lemma lB31 the following estimate holds for i € {2, 3}, 

l|A>iMI H " 0 .p + l|A>i[^]||^ 0 .p < ||A>i[F(/i)^]||^ 0 + \\{B,d x h,V)\\ HNo -4{V,d x h,B)\^\ 

+ ll^lli? Jv o:P (l|A>i-i9ta||^7o + IMIfF 1 ll^llvv 0 ) + II a >2[(-B, 4 / )]||^jv 0 -i ||(-B, V)||jyi + ||/i|| H ^ 0 ,p||a||~ 0 

~ (ll^'lliT Jv o>p + ll^^lliT^o- 1 ) \\ip x h, d x iji)\\ l w \ < (1 + f) 1+2po e5- (A.10) 

From (13.151) . (13.19b . Lemma 1231 (IA.10I) . and estimates in Lemma HOI the following estimate holds, 

l|A>3[^ 1 ]|| ff A 0 ,p + ||A> 3 [^ 2 ]||^ 0 ,p< ||(C/ 1 ,17 2 )||^o.p||(C/ 1 ,17 2 )||^3 

+W 1 ,b 2 )\\ h n 0 , p \\^i^2 )\\^ + \\(u 1 ,u 2 )\\ W i\\(ni,n 2 )\\ H N 0 , P 

< {\\(B\B 2 ,h)\\ HNo , P + \\\V\ip\\ H N 0 -i(\\(d x h,d x f))\\ W 2 + ||(C/ 1 ,C/ 2 )|| m/ 3) 

< (l + t)- 1+2 P°el 
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In above estimate, we used the following rough estimate on the good error terms 

ll^ill^i + ll^ll^i \\(9 x h,8x^)1] W 2, 

which is derived from estimating each term inside (1A.1I) and (IA.2I) . 

To prove (1A.9I) . we only need to estimate the H p norm of each term inside (IA.9I) . as we do not worry 
about losing derivative for the desired estimate (1A.9I) . Recall (IA. II) . (IA.2I) . and (IA.7I ). From (IB. 231) in 
Lemma iBAl (IC.39I) and (1C. 421) in Lemma IC7l our desired estimate (IA.9I) follows straightforwardly as it 
is quintic and higher. 

□ 

Lemma A.2. Under the bootstrap assumption ( 12.281) . the following estimates hold on the remainder 
terms, 

sup (1 + t) 1 P ° (||A>3[7£f] ll^jvq.p + ||A>3[7?.f]|| fl -jv 1 ,p + ||!Ri||#iVi,p + e 0 - (A-11) 

te[o,T] 


sup sup 

te[2 m - 1 ,2 m ] fce[2 _100 Po m ,2 10 °po m ] 


2 3m/2-20q Po m 2 pfc||_ F5fc ( 5 _ R ( t ^|| i2 < £ 2 


(A. 12) 


Proof Recall (13.311) and (13.321 ). From we can derive the following estimate for i € {2,3}, 


l|A> i [Wf]||^ 1 .p + l|A>i[Wf]||^ 1 , P < \\^>i[SF(rj)^]\\ HNl , P + WSaWn-iWid^d, 


2 

W 1 


+ ll‘S , ^lli? Jv i'P (||A>i_i[9 t a] ||^o + ll^a||^yo ll^llfyi) + ||A>j_iS l ()(a||^-2 
+ £ || A>q [(55,5~L)] || i2 1| A>, 2 [(5, V)] ||^ 2 

ii+*2=Mi42GN+ 


+ \\(SB,SV,Sd x h)\\ I ?\\d x h\\ff 1 \\(B,V)\\ff 1 + \\{d x h,d x ^)\\ H N 1 + 3 \\(d x h,d x f)\\ 2 W 2 . (A. 13) 

From (1C.391 ). (1C.401) . (1C.411) and (1C.421) in Lemma IC7l (IC.28I) in Lemma [~C. 6 1 (IC.23I) in Lemma |C. 271 
we have the following estimate, 

D < (115/rll^.p + W\V\Sf\\ L 2)\\(d x h,d x n\\fl < (l + t)~^ 2+P0 el (A.14) 

Recall (IA.5I) and (IA.6I ). From (13.481) in Lemma 13.41 (13.371) . (13.381) . and (IA. 141 ). the following estimate 
holds, 

ii^tiifr^p + ii^ii^i- < a +ty l+po + (i+tr 1 / 2 +po m\u 2 )\\ W 3 

+ ||(55\55 2 )|| Hi v 1 , P (||A> 2 [(^5\9i5 2 )]||2 + ||(5 1 ,[/ 2 )|| 2 w ,3) 


H(U\U 2 )\\ h „ 0 ,4{U\U 2 )\\ 2 w3 < (l + f)- 1+p %. 


Note that we do not worry about losing derivative for the desired estimate (IA.12I ). From ( IB. 231) in 
Lemma IB. 41 (1C.391 ) and (1C.421 ) in Lemma IC.71 (1C. 241 ) and (1C.231 ) in Lemma IC.5I our desired estimate 
(IA.12I) follows straightforwardly as it is quintic and higher. □ 
























































































INFINITE ENERGY SOLUTION OF THE 2D GRAVITY WATER WAVES 


41 


Appendix B. Properties of the Dirichlet-Neumann operator 

B.l. A fixed point type formulation of the Dirichlet-Neumann operator. The idea of analyzing the 
Dirichlet-Neumann operator is based on the work of Alazard-Delort (3l- A key observation is that there 
exists a fixed point type structure inside the velocity potential, which provides a good way to estimate 
the Dirichlet-Neumann operator in the small data regime. From the bootstrap assumption (12.281) . the 
following estimate holds, 

sup \\h(t)\\ W N 2 +\\h\\]^l Q J\h\\^ 2 <ei. (B.l) 

te[o,T] 

We transform the domain Q(t) := {(x, y) : y < h(t,x),x € M} to the negative half-space through 
the change of coordinates (x,y) i —> (x,z) := (x,y — h(t,x)), z € (—oo,0]. Define <p(x,z) = 
tf>{x, z + h(t, x)). Hence <p(x, y) = <p(x, y — h(t , x)). It is easy to verify the following identities hold, 

dy<f)(x, z + h(t, x)) = d 2 <p(x, z), dl(f) = d 2 ip - 2d x d z ipd x h - d z pd 2 x h + d 2 <p(d x h) 2 . (B.2) 

Recall (1 1.2b . We know that <fr satisfies a harmonic equation inside D(t). Therefore, from (11.21 ) and ( IB.21 ). 
the following equation holds, 

Pp := [(1 + {d x hf)d 2 z + dl - 2d x hd x d z - d%hd z \tp = 0, v\ z=Q = V’- ( B -3) 

Recall (12.101) . In (x, z ) coordinates system, we have 

B(h)i/> = d z tp\ z=Q , G(h)ip = (1 + (d x h) 2 )d z ip\ z=0 - d x hd x ip. (B.4) 

From above equation, one can see that the only nontrivial term inside G{h)tj) is Therefore, to 

estimate the Dirichlet-Neumann operator in a X-normed space, it is sufficient to estimate d z <p(z) in the 
L^X- normed space. 

Lemma B.l. Let if’ be in the space H 1 / 2+ p p anc ] b(x) € FF 7 (M) with 7 > 2, then ip(z, x) satisfies 
the following fixed-point type formulation: 

<f(z) = e 2|v| ?/> + t:[ e (^+ z ')l v l [d x \\7\~ 1 (d x hd z (p) - d x hd x <p - (d x h) 2 d z tp\dz'+ 

^ J — OO 

1 / 

- / e-l 2 - 2 'H v l[_(9 a; |V| _1 (5 x ^'9,< / c>) + sign(z- z')(d x hd x tp-(d x h) 2 d z cp)]dz' , (B.5) 

^ J —OO 

if(p(-,-) satisfies Pip = 0 and ip\ z =o = 

Proof One can see ||3]| Lemma 1.1.5] for the detailed proof. We only give a sketch proof here. 

We rewrite ( IB. 31 ) as follows, 

(d z + |V|)(d z - |V|V = g(z) = d z g x {z) + d x g 2 (z), (B.6) 

where 

g 1 (z) = -( d x h) 2 d z ip + d x hd x ip, g 2 {z) = d x hd z ip. 

By treating the nonlinearity g(z) as given, we can solve tp explicitly from ( IB.61 ). Note that g(z) has term 
of type d z ip, which is not in terms of W XjZ ip. Hence we first decompose it as d z g\(z) + d x g 2 (z), where 
g\{z) and g 2 (z) linearly depend on X xz .p. As a result, after doing integration by parts in z once for 
d z g\ (z), we can derive (IB.51 ). □ 
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From ( IB.51) . we can derive the following fixed-point formulation for V XjZ <p: 

V x ,z<p{z) = e z|v| [d x ^, \D x \i/}] 

+ / K(z,z')M(d x h)'V x , z ip(z , )dz' + [0,d x hd x ip - (d x h) 2 d z tp\, 

J —co 

where K{z, z') and M(rf) are the matrices of operators: 


(B.7) 


K(z,z') = l e (z+z ' )|v| 


d x d x 

IVI IVI 


\p-\ z - z 'W D x\ 

2 


~d x ~(sign( 2 : — z'))d x 

(sign (2: — z'))| V| | V| 


M(d x h) = 


0 


d r \D r \ 1 o d T h 


(B.8) 

(B.9) 


-d x h ( d x h) 2 

Now, it is easy to see there exists a fixed point type structure of V XjZ <p in (IB. 71 ). We remark that (IB. 71) is 
the starting point of the L 2 —type and L 00 —type estimates of the Dirichlet-Neumann operator. 

We have the following lemma regarding on the boundedness of the operator K(z,z'). 


, any j E Z and p \, p 2 and g 2 


Lemma B.2. For well defined vector function g : (— 00 , 0] xR 1 —: 
s.t. 2 < q\ < pi < + 00 , 1 < q 2 < P 2 < +00 we have 

K(z,S)PMJW&iPiX < 2*««+V»-i/M-i/»)|| Pi9 || 


/ 

J ~ ( 


(B.10) 


Proof From the explicit formula of operator K(z,z') in (IB.81) . it’s easy to find that the kernel of 
K(z, z') o Pj is given by 


K 


(z,z',x ) := [ I e ^+(*+^l mi (£ )V ,.(£) + L 
Jr 1 1 


(B .11) 


where matrices mi(() and m 2 (£) are given by 


(0 = 


l iei lei 


) "»2(0 = 


fsign(z — z')£ 
L sign(«-/)|^| |£| 


We can integration by parts in £ and gain (\x\ + \z — z'\) 1 with the price of 2 f hence we have the 
following pointwise estimate for the kernel 

\Kj{z,z',x)\ < N 2 2j (l + 2 j \x\+2 j \z±z'\)- N . (B.12) 

With above estimate on the kernel and after using Flolder inequality and Bernstein inequality, it’s not 
difficult to see estimate (IB. 101 ) hold. □ 

Lemma B.3. Under the assumption (IB.Ill , the following estimates hold for 7 < P, 


~ ll(^V’)ll wy, ||V Xl ^|| LS o Hfc < |||V|^||h* + \\dxh\\ H k\\d x ip\\ w o, 

||A> 2 [V X) ^]|| Lso ^ £ \\dxh\\^\\{d x 'ip)\\wy, 

\\^>2\y x,zF>]\\L™H k < \\d x h\\^\\\Vm Hk + \\d x f>\\ w o\\d x h\\ H k, 


(B.13) 

(B.14) 

(B.15) 

(B.16) 
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Proof. From (IB. 71) and (IB. 101) in lemma I5T21 we have 

\\\V\f>\\ H k + +||| [M(d x h)V x ,z<p\ Wl^h* 

~ IllVlV’llff* + \\d x h\\wo\\V x ,z<P\\L~H’' + l|V*,^ll L ^ll^ll^- (B.17) 

Again, from (IB. 71) and (IB. 101) we have 

\\Vx,M\ l ~w^ £ ||e x|V| [^,|V|^]|| L00 ^ + || f K{z,z')M{d x h){V Xi M^))dz'\\ LT w^ 

z z 7-00 

+ ]T \\{d x h) l V x ,M\ LT vn % ll^ll W 7 + \\\d x h\\% q \\d x h\\ 1 L y /q + \\d x h\\yn\ H V ^H l?wP 

1 = 1,2 

(B.18) 

which further gives us the following estimate from the smallness assumption (IB. II ). 

l|Vx ,^|| Lr wi Z WdxtWw-r- (B.19) 

Combining estimates (IB. 191 ) and (IB. 171 ). we have 

\\V x ,zV\\l?h* ~ IIl^l/’ll.fA + 11^/rll^llV^lligo^ + ||9*/i||Hfc||3 x ^|| w o, (B.20) 

which further gives us the following estimate from the smallness assumption (IB.II) . 

\\^x,zV\\LfH k ~ IIM^||tffc + ||5x/l||^||^lllV°- (B.21) 

From ( IB.191 ) and (IB.211) . we can see our desired estimate (IB. 131) holds. From (IB. 71) . one can derive a 
fixed point type formulation for A>*[V Xj 2 <p], i € {2,3}. Hence, all other estimates can be derived very 
similarly. We omit details here. □ 

By the same fixed point type argument, we can also derive the following Lemma, which is very helpful 
when the scaling vector field is applied to the Dirichlet-Neumann operator. Note that, different from the 
estimates in Lemma IfPl in Lemma iBAl only f is putted in L 2 -type space. 

Lemma B.4. Under the smallness assumption (IB. II) . the following estimates hold for i € {1, 2,3} and 

k < y — i, 

IIA^tV^H^^ < IIcUII^IIIVHI^, (B.22) 

IIA> 4 [Vx,^II l^ < ||^||^o|||V|V>|| L2 . (B.23) 

The following Lemma is very helpful if one wants to estimate the term of type 
This type of terms will appear when the scaling vector field hits the Dirichlet-Neumann operator. 

Lemma B.5. Given any two well defined smooth functions f(x) and g(x), if(pi(x, z) satisfies Ptfi = 0 

and pi |_ Q = fg, meanwhile (fi 2 (x, z) satisfies Pp 2 = 0 and p >2 |_ 0 = g{x), then under the smallness 

assumption that < 5 < 1, we have the following estimate for k < 7 , 

||V S) *¥>t(z) - fV x , z <p 2 (z)\\ L?H k < H^ll^sll/lliTfc+M-e, (B.24) 

l|A> 3 [V BlJ! <pi - fV x , z <P 2 \Wl~h* % IMI^J^II^II/IItA+m-., (B.25) 

||A> 4 [V Xi x¥>i - fV x , z ip 2 ]||l-l2 < ll??ll~rlbll^oll/lliTi,i— (B.26) 
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Proof. Recall (IB.71) . We have 


i(z,) = e z ^[d x (fg),\V\(fg)\ + / K(z,z')M(d x h)'V x>z ipi(z')dz' 


Note that, 


(B.27) 


+[0,d x hd x <pi - (d x h) 2 d z <pi], 

rO 

fV x , z <P2{z) = fe z ^[d x g, |V| 5 ] + / fK(z, z')M(d x h)V x , z ip 2 {z')dz' 

• 7—00 

+[0,d x hfd x ip 2 ~ (d x h) 2 fd z ip 2 ]. 

.F|V |v| [d x (/3), |V|(/g)] — f(-)e z ^\[d x g, |V|g]] (*,£) = 

[ e z ^a(£)f(£- 77)5(77) dr]- [ f(^-g)g(g)e z ^a{g)dg, where a(£) = [if, |£|]. 

J M J ]R 

Note that, the following estimate holds for any fixed z < 0, 

\e z \MO-e z \Mv)\<\\^\-\v\\- 

Hence 

l|7 v| [4(/9),|V|(/ 9 )] - /(■)e'l v '[49,|V|9]|| irH . < II/IIhmu-IIsII^. 

We can write the difference of V x>z ipi and fS/ X)Z ip 2 as follows: 

V ,,^1 (z) - fV XtZ <p 2 (z) = e z W[d x (fg), |V| (/<?)] - fe z W[d x g, |V|p] + 

[0 ,d x h(d x tpi - fd x ip2 ) - (d x h) 2 (d z ipi - fd z (p 2 )\ 
rO 

+ / K(z,z , )M{d x h)[W XtZ ipi(z') - fV x , z y 2 {z )\dz' 

J — OO 

- [ fK(z, z')M{d x h)S7 x ^ 2 (z') + K(z, z')M(d x h)[fV X:Z ip 2 (z')\dz'. 

J — OO 

Very similar to the estimate of ( IB. 271) . we have 

\\yx,zPl - fV x ,zP2\\L™H k ~ ll/ll# fc + 1 .i-e||s , ll^ + 

\\d x h\\ wk \\V x , z(Pl — /V x ,zP2\\ Lf>H k + l|/l|jffc+ 1 . 1 -'ll^x^||^fc|| V X)2 .^2|| L i^fc- (B.28) 

From the fixed point type formulation in ( IB. 71 ) for V IiZ ^ 2 , the following estimate holds, 

~ ll^ll^fc + \\M(d x h)V x , z V2\\ Ll wk ~ llfl'll^fc + (B.29) 

which further gives us the following estimate from the smallness assumption on 77 , 

HV^ILi^ £ Mwi- (E.30) 

From (IB. 281 ) and ( IB.30I ). the following estimate holds, 

l|V*,*¥>i - /V X) *y> 2 || £ «, H fc < ||^||^||/||Hfc+M-e. (B.31) 

Similar to the proof of ( IB.231 ) in Lemma [B~4l with minor modifications, we can show our desired esti¬ 
mates (IB. 251) and (IB.261) hold. We omit the details here. □ 
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Appendix C. Paralinearization of the gravity water waves system 

Lemma C.l. The following paralinearization for the Dirichlet-Neumann operator holds, 

= |V|w — T v d x h + F(h)f>, u := i/t - T B ^rj, (C.l) 

where F(hff is the good quadratic and higher error term that does not lose derivative. Moreover, under 
the smallness condition ( ED , the following estimate holds for i E {2,3}, and k > 0, 

\\A>i[F{h)f]\\ Hk < \\(d x h,d x ^)\\ H k-i\\(d x h,d x fj)\\ l ~l. (C.2) 

Proof Recall that 

G{ h)f> = ((1 + \d x h\ 2 )d z p - d x hd x <p)\ z=Q . 

Define W = ip — Tg zV ,h and V = d x <p — d x hd x d z tp. By using (12.41) . as a result, we have the paralin¬ 
earization of above equation as follows, 

((1 + \d x h\ 2 )d z ip - d x hd x ip) = T 1+ \g xh \id z p + 2 Tg zip Tg xh d x h + Tg xV ,R B (d x h, d x h ) 
~Td x hd x <p - Tg xip d x h = T 1+ \ 9xh \ 2 d z (W + Tg z ^h) + 2 Tg zip Tg xh d x h 
—Tg xh d x (W + T dzip h) - Tg xip d x h + Tg xip R B (d x h, d x h) 

= |v|w + T 1+l9xhl 2d z w - T dxh d x w -\w\w - Typ x h + 

= MW - Typxh + T 1+ \g xh \ 2 (d z - Ta)W + T\g xh \2T A _\£\W - T\g xh \ 2 ( A _\^W + Hi, (C.3) 

= \V\W-Tyd x h + F(h)P, 

where 

A = TTW l<a - h - ( + ]Sl) ' 

TZi := 2Tg zlf> Tg xh d x h - 2Tg zip g xh d x h - Tg xh Tg zV d x h + Tg z(p g xh d x h 

- T d x hTg x g zip h + Tg xlf R B (d x h, d x h), (C.4) 

F(h)f> = [T l+ \ dxh \2{d z - T A )W + T\ dxh] 2T A _\£\W - T\ dxh \2^ A _\^W) + TZy (C.5) 

From the explicit formula of 1Z\ in (1(241) and the composition Lemma [2721 it is easy to see that all terms 
inside F(h)tjj except T, +\g x h\ 2 (0 Z — T A )W are good error terms, which do not lose derivatives at the 
high frequency part or the low frequency part. 

After evaluation (1C.5I) at the boundary z = 0, we can see the following estimate holds, 

IIA>* [T(h)p]\\ H k < ||A>i [{d z - T A )W\ z=0 } \\ Hk + \\d x h\\^M\H^ 

+ || (d x h,d x p, |V|V’)||~ 1 1 \\(d x h, d x p)\\ H k-i,< ll(9 a; ^,<9 x V')||jTfc-i||(5x/i,9 a: V ; )ll[ri 1) ' 

Note that, we used (1C.6I) in Lemma [(221 in above estimate. □ 

In the following lemma, we show that term (d z — T A )W in (1C.5I) also does not lose derivatives. More 
precisely, the following estimate holds. 

Lemma C.2. The following estimate holds for i E {2,3}, k > 0, 

||A>i [{d z - T a )W\ z=q ] \\ H k < ||(4/ i ,^)|| iffe - 1 ||(4^^)||£7 1 1) . 


(C-6) 
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Proof. Note that A | (d z — T,\)W] = 0, i.e. (d z — T A )W itself is quadratic and higher. From (1C. Ill) in 
Lemma IC3l we have 

(d z -Ta)(d z -T A )W = f, (C.7) 

where a, and A is given in (1C. 121) . 

From (IC.22I) in Lemma IC~4l and (1C. 15b in Lemma |C31 . the following estimate holds, 

IK& - T A )W\ z=0 \\ Hk < sup \\{d z - T a )W(z,x)\\ h h + \\T A >W\ z=0 \\ H k 

ze [-1/4,0] 

< sup \\(d z -T A )W(z,x)\\ H k-i + \\f(z,-)\\ H k + \\(d x h,d x il>)\\ H k-i\\(d x h,d x il>)\\ w i 

zG[—1,0] 

< \\{d x h,d x il;)\\ H k-i\\{d x h,d x ii})\\ w i. 

It remains to consider the case when i = 3. We define, 

W(z,x) = (d e -T A )W(z,x)-h(z,x), z< 0, (C.8) 

where the function h(z , x) is to be determined. Let h( 0, x) to be given as follows, 

K0,x) :=A 2 [(d z -T A )W(z,x)\ z=0 \. 

Hence, from the definition, we know that W{ 0, •) is the cubic and higher order terms of (d z —T f)W(z, x)\. 
We let h(z , x) to be the solution of the following parabolic equation: 

(d z - T & )h = A 2 [/], 

(C.9) 

h(0,x) = A 2 [(d z -T A )W(z,x)\ z=Q ]. 

Therefore, we can derive the following parabolic equation satisfied by W(z, x) as follows, 

{dz ~ Ta)W = Kf := / - (d z - T- a )h = A> 3 [/]. (C.10) 

From (IC.22I ) in Lemma |C4| and (1C. 15b in Lemma IC3l the following estimate holds, 

\\A> 3 [(d z -T A )W\ z=0 ]\\ Hk < sup \\{d z -T A )W{z,x)\\ Hk + \\A> 3 [T A ,W\ z=0 }\\ Hk 


< 


Z e[—1/4,0] 

sup \\{d s - T a )W{z,x)\\ H k-i + ||A> 3 [/(^-)]||h* + \\(d x h,d x fj)\\ H k-i\\{d x h,d x 'ip)\\‘$ vl 


zG[—1,0] 


< 


\\{d x h,d x ‘tl>)\\ H k-i\\{d x h,d x 'il>)\$ vl . 


Lemma C.3. The following decomposition holds, 

(d z - Ta)(d z - T A )W = /, 

where 

a = cl T cl , A — A A A , 

1 . 1 


a = 


1 + \d x h\ 2 


1 


(id x h ■ £ — |£|), A = 
d 2 ha 


1 + \d x h\ 2 

1 


(id x h-£+ |^|), 
dlhA 


a = 


A — a 


{id^ad x A x + 'j r 3 x / ( | 2 )> A a _ A ( id S ad x A i +]d x h\ 2 ^ 


□ 

(C.ll) 

(C.12) 

(C-13) 

(C.14) 






























INFINITE ENERGY SOLUTION OF THE 2D GRAVITY WATER WAVES 


47 


and “f” is a good error term. Its precise formula is given in (1C. 21 1 ). Moreover, under the smallness 
condition (ED , the following estimate holds for i € {2,3}, 

sup \\A>i[f(z)]\\ H k < \\(d x h, d x fi)\\ H k-i \\(d x h, (C.15) 

z<0 

Proof Recall that Pip = 0. After paralinearizing this equation, we have 

Vip + 2 T d 2 ipdxh d x h — 2 Tg x g zip d x h — Tg ztp d 2 h + /i = 0, (C.16) 

where 

R '■= T(i+\d x h\ 2 ) d z + &x ~ 2Td x hd x d z — T 9 2 h d z , (C.17) 

fi = RB(\dx.h\ 2 ,d 2 z ip) - 2 R B (d x d z ip,d x h) - R B (d%h,d z ip) 

+Tg 2 ip R B (d x h, d x h) + 2 (T d 2 ip Tg x f l — Tg 2 ^ 9 xh )d x h. 

Recall that W = ip — Tg ztp h, then from (1C. 16b . we have 

vw = h, f 2 = -R B (\d x h\ 2 ,d 2 z ip) + 2 R B (d x d z ip,d x h) (c.is) 

+R B (d 2 h, d z ip) - T 9 2 v R B (d x h, d x h) - T^^Tga^h + Tgz^g^h 

+ 2 Tg x hTg x g 2 v h - 2 Tg xh g x g 2 ^h + Tg 2 h Tg 2 ^h - Tg 2 hd 2 ^h. (C. 19) 

From the composition Lemma l2T2l we can see that /2 does not lose derivative. 

Note that the following identities holds from (1C. 131 ) and (1C.14I ). 

~ j 2 id x h£ djh 

° 1 ■ i+iw i+iw’ 

i _ i^i 2 

afj A := aA H— dead x A =-+ a A' — idead x A — idea d x A. 

i 1 + \o x h\ z 

Flence, from (1C. 18b . we have 

( T {l+\d x h\ 2 ) d z - T (a+A)(l+\d x h\ 2 ) + T a$A(l+\d x h\ 2 )) W = h + Ro, (C-20) 

where 

RO ■= r R{a l A'-id i ad x A'-id i a l d x A)(l+\d x h\ 2 ) W - 

It is easy to verify that Rq does not lose derivative. From (1C.20I) . we have 

(r(i + | dxh \ 2 )(d z - T~ a )(d z - T A ))W = R U 

where 

Ri = f2 + Ro + T(i+\g xh \2) {TdT A - T~ iA ) 

+ T \d x h\ 2T atA W - T a$A\d x h\* W - T \d x h\* T a+A W + T {d+A)\8 x h\ 2 

which further implies the following 

( d 2 - T- a )(d z - T a )W = /, f = Ty^g^R, 

+ i T Ad x hf/(i+\d x h\ 2 ) - T -\d x h\ 2 /(i+\d x h\ 2 )T\d x h\ 2 ) (dz ~ Ta)(d z - T a )W. (C.21) 
Again, from the composition Lemma I2l2l we can see that II \ and / do not lose derivative from above 
explicit formulas. After checking terms in (1C. 211) very carefully, the desired estimate (1C. 15b follows very 
easily. □ 
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Lemma C.4. Let a E I'} fM 2 ) and satisfies the following assumption, Re[a(x, £)] > c\^\, for some 
positive constant c. If u solves the following equation 

( d w + T a )u(w, •) = g(w, •), 

then we have the following estimate holds for any fixed and sufficiently small constant r, and arbitrarily 
small constant e > 0. 

1 1 1T" I 

sup \\u(w)\\ H k < M%(a) |— j — 1 [ sup ||w(u;)|| H fc-2(i- e ) + sup \\g(z)\\ Hll -p-e)]. (C.22) 

uiG[r,0] r I 2€[4 t,0] 2G[4t,0] 

Proof A detailed proof can be found in 0, above result is the combination of 0 [Lemma 2.1.9] and the 
proof part of 0 [Lemma 2.1.10]. 

□ 


C.l. Estimate of the scaling vector field part. 

Lemma C.5. Under the smallness assumption (12.281) . the following estimates hold for i E {1, 2,3} and 
any 0 < e <C 1, 

\\h->i[SB(h)if>]\\ H k < \\(d x h, drVOHvvfc [IK*-’' 7 ?’ r 7)ll-ff ,c + 1 ’ 1 - e + II(IV|(5 , -0), |V|^)||#fc], (C.23) 

\\A> 4 [SB(h)f}\\ L 2 < (||(S , /i,+ \\\V\(S'fi,'i/j)\\ L 2)\\(d x h,d x ip)\\^ V 2- (C.24) 

Proof From 01 ILemma 2.3.3], the following identity holds, 

1 


SB(h)ij) = B(h){Sif> - (B(h)'fi)Sh) + 


- 2(V(h)'fi)d x h - 2G{h)if 


z= O’ 


(C.25) 

where 


1 + ( d x h ) 2 L 

+ 2G{h)[hB[h)'fi) - 2qG{h){B(h)f) + [d x hd x {B{h)f) - d x {V{h)if>)\Sh 

We remark that above identity is derived from comparing the Sd z p | 2= o with the d z p>\ 
ipi (0) = Sijj. After studying the two harmonic equations in the (x, z) coordinates formulation, one 
should derive (1C. 251) without any problem. 

From the facts that Ptp = 0 and B{p)if = d z p\ z= o, after evaluating Ptp(z) at the boundary z = 0, 
we can derive the following identity, 

- d x [V(h)f] = G(h)(B(h)i/>). (C.26) 

After combining the identities (IC.25I) . (IC.26I) , and (12.101) , we have the following identity 


S[B(h)f\ = B{h)(Sf) - 


2 d x hV (h)i/j + 2 G{h)f 2d x hd x hB (h)ip 


+ 


1 + ( d x h ) 2 1 + ( d x h ) 2 

2[B(h)(hB(h)fi) - hB(h)(B{h)fi)\ + [ShB(h){B(h)f) - B{h){ShB{h)fi)\. (C.27) 

Since terms inside (IC.27I) that do not depend on the scaling vector field “5” can be estimated very easily 
by using estimates in Lemma IB. 31 we omit details for those terms. From Lemma IB. 51 the following 
estimate holds for i E {1,2,3}, 

||A >i[B(h){hB{h)i>) - hB(h){B(h)f)\ \\ Hk + ||A>j [ShB(h)(B(h)fi>) - B(h){ShB{h)f)} \\ m 

< ||(<S7i, h)\\ H k+i,i- e ||A>j_! [B(h)fi >]||^ fc < \\(Sh, h)\\ H k+i,i-e\\(d x h,d x ift, |V|V’)||- 

From Lemma iBAl the following estimate holds, 

\\A>i[B(h)Sip]\\ H k < II^H^illlVl^llHfc. 


dipt) 

1 w k 
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To sum up, we can see our desired estimate (1C.231) holds. With an extra estimate (IB.231) in Lemma lB~4l 
one can derive the desired estimate (1C. 241) by redo the argument used in above. We omit details here. □ 

Lemma C. 6 . Under the smallness assumption (IB. Ill , the following estimate holds for 1 < k < 7 ', 
p G (0,1), and i € {2, 3}, 

||A> i [5F(r/)V-]||^ < (\\Sh\\ H H, P + IH|^ + m-p + HIVMh* + |||V|^||^-i) 

x (C.28) 

Proof Recall (1C. II) . we have F(h= G(h)f> — |V|(^ — T B h) + d x Tyh. Hence, from (IC.27I) in 
Proposition IC.51 we can derive the following equality, 

S(F(h)'f) = F(h){Sf) + ( - d x (Sh)V + d x T v Sh ) 

- ( G(h)(ShB ) - Sh(G(h)B) - |V| T B Sh) + G, (C.29) 

where the good error term Q is given as follows, 

G = G\ + G2 + Gzi 

where 

Gi = 2(G(h)(hB)-hG(h)(B)), 

G2 = 2 d x hV - 2 A> 2 [G(/i)i/i] - |V| T B ^ s ^ri - d x T v ^ s ^r] + \V\TsbV + d x TsvV , 

G 3 = S[|V|(T2W) + d x (T v r,)\ - |V| T SB r, - |V| T B Sr, - d x T sv r] - d x T v Sr,. 

One can also refer to f3j for more detailed computations to see (1C.291) holds. From Lemma IB. 51 the 
following estimate holds, 

l|A>i[0i]||H* < \\h\\ H k+i,i- c || A>j_! [B(h)ip] ||^ fe < \\h\\ HW -4(d x h,d x il,)\\ wk . 

From (1C. 2 31 ) in Lemma IC31 the following estimate holds, 

l|A>i[^ 2 ]||jyfc < (IIA>i_! [(B(h)(SiJ)),V(h)(Sif)))] \\ L 2 
+ 11 A>i_r [{SB(h)f, SV(h)f)] || L2 ) || (d x h, d x i/>)\\ W k + || (d x h, d x ip\\ Hk || (d x h, d x ^~] 

< + ||(^^|V|^)I|^ + |||V|S'^|U 2 )II(^^^)II^- 

Note that the commutator term G3 does not depend on the scaling vector field. It is easy to derive the 
following estimate, 

l|A>i[&]||H* < II A>i_i [(B(h)iJ>, V\\ H k || (d x h, d x f>)\\ w o 
+ ||(5 x /i,cl :r V’)lliT'=l|A>i-i[(^(/i)V ; ) ^(^)'0)]ll l ^5 ^ \\{d x h,d x ^)\\ H k\\{d x h,d x ^)\\ l ~l. 

To sum up, we have 

l|A>*[<?]||^ < (||5 /i||hm-« + |||V|^|| L2 + \\h\\ Hk+1 ,i- t + |||V|V-||^)ll(^A^)|r- fc 1 . (C.30) 

To see the structure inside ( G(h)(ShB ) — Sh{G(h)B ) — |V| T B Sti), we decompose it as follows, 

G(h)(ShB) - Sh{G(h)B) - |V| T B Sh = ^ Ji,k + J2*, (C.31) 


fee z 


where 


Ji,k ■= G(h)(P k BP< k _i(Sh)) - P< k ^(Sh)G(h)(P k B) 

= {l+{d x h) 2 )[B{h){P k BP< k _ l {Sh))-P< k . l {Sh)B{h){P k B)]-d x hP k Bd x {P< k . 1 {Sh)), (C.32) 
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J 2 ,k ■= G{h)(P k {Sh)P< k B) - P k (Sh)G(h)(P< k B) - |V| T B Sh := j\ k + Jl k , (C.33) 

Jl k ■■= F(h)(P k (Sh)P< k B) + | VKPkiStyP^B - T B P k Sh ) 

= F(h)(P k (Sh)P< k B) + |V|(P fc (S/i)P fe _io<.<fc_i£). (C.34) 

J2,k : = “ [|V|rB(/i)(p fe (5h)P< fc s)^ + d x T V (h)(p k (Sh)p< k B)h + Pfe(S/i)G(/i)(P<fc_iP)]. (C.35) 

Note that in the decomposition (IC.33I) . we used again the fact that F(h)'ib = G(h)ip — | V| (-0 — T B h ) + 
d x Tyh. 

From Lemma Ib 31 the following estimate holds for some e < (1 — p) /100, 

jez jez 

+ \\Sh\\ HkA -4{dxKdM\t^ ^ \\Sh\\ H ^-4(d x h,d x ^\\^l +1 . (C.36) 

From (IC.2I) in Lemma ICT1 the following estimate holds, 

ii E A >*[^-] iih* < E \\ d x(Pj( sh )p<jB) n^-i ii (a x h, dMw? 

jez. jez 

<\\Sh\\ H H tl -4(d x h,d x 4)\\^l (C.37) 

llE A -[^]ll^ £ ||P/i||^||A> i -i[P(/ l )V>]||^o 

jez 

jez 

<||5/ l || H ^||(9A^)||^ fc 1 - (C.38) 

To sum up, from (IC.29I ). (IC.30I) . l lC.361) . (1C. 371) . and ( 1(2381) . our desired esitmate (1C.281) holds. □ 

C.2. Estimate of the Taylor coefficient. 

Lemma C.7. Under the smallness assumption (IB. II ). the following estimates hold fork, 7 > 0, 7 < 
7 / — 2, and i € {1, 2, 3}, 

II A >*[ a l Wifn S ||(3 s /i,9*V’)||^t+i j ll A >i[a]lliP ^ IKSA^ir-JlKSAlVl^ll^+i, (C.39) 
l|A>i[Sa]|| Ht < ||(^/ l ,^-0)|r-i + i[ll(‘S'^^)ll^ + 2,i- e + IKIVK^JJVI^II^-hi], (C.40) 

II A >*[^«]|IvF7 ~ \\(dxh,d x 'i/j)\\\ vl+2 , (C.41) 

ll A >t[3t«]|lff* £ || || (d x h, d x ip)\\ ||[^ 1} || (d x h, \X7\f>)\\ H k+2, 
l|A>i[^a]|| flfc < 11(^,^)11^01(517,17)11^3,+ ||(|V|W),|V|^)|| W ]. (C.42) 
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Proof. Recall that a = s/a — 1. It is sufficient to estimate the Taylor coefficient “a”. We cite the 
following identity from 0[Lemma A.4.2], 


1 

2(1 + (d x h) 2 ) 


2 + 2 Vd x B 


2 Bd x V - G(h)[V 2 + B 2 + 2 h] 


(C.43) 


Recall that a = 1 + df B + Vd x B and a = /a — 1. Therefore, we have the following identity, 


d t B = 


2(1 + ( d x h ) 2 ) 


2 + 2Vd x B - 2Bd x V - G(h)(V 2 + B 2 + 2h) 


- 1 - Vd r B. 


(C.44) 


As we already have L 2 type and L°° type estimate on B(h)ip, we can derive if type and L°° type 
estimate for dt B from (IC.44I ). As a result, from estimates in Lemma lB31 . the following estimate holds 
for i € {1, 2, 3}, 

\\ A >i[dt B }\\Hk % \\(d x h,d x ^)\\ H k+i\\{d x h,d x ^)\\/l. 

||A>j[<9t-B]||^ 7 < \\(d x h,d x ip)\\ l w ^ +1 . 

From (1C.23I ) in Lemma IC31 the following estimate holds, 


||A>i[53t5]|| Hh < \\(d x h,d x il))\\^l +1 [||(57/,7/)|| H fc+ a ,i-« + ||(|V|(5^), |V|^)||h*+i]- 

After taking another derivative with respect to time “t” on both hands side of (IC.44I ). we have an 
identity for dfB. As a result, from the if type and L°° type estimates of (f B and B, the following 
estimates hold for i €{1,2,3}, 


\\ A >i[dtB]\\ H k < \\{d x h,d x ^)\\ Hk+2 \\{d x h,d x fj)\\ l w l. 

W A >i[ d t B ]\\w-y ~ II (9xh,d x il>)\\' w w 

||A >i[Sd 2 B]\\ Hk < \\(d x h,d x ft)\\^l +2 [\\(S v ,r,)\\ H k + 3,i- e + l|(|V|(SV0, ivl^llfffc+a] • 

Flence, our desired estimates follows from (IC.23I ) in Lemma IC31 and estimates in Lemma iBJl □ 
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